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Abstract: An adaptive mesh generation algorithm for numerical simulations of complicated

turbulent three-dimensional flows such as Rayleigh–Bénard convection is presented. The

algorithm is based on equidistribution of the arc-length of the mean temperature profiles

computed on coarse equidistant meshes. The suggested mesh generation algorithm pro-

duces meshes that provide required resolution of the boundary layers and was successfully

used in the direct numerical simulations of turbulent Rayleigh–Bénard convection in cylin-

drical containers of the aspect ratio Γ = 10 for high Rayleigh numbers Ra = 105, 106 and

107.
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1 Introduction

During the last decades a great deal of effort has been devoted to the study of turbulent convection
of fluids heated from below and cooled from above, i.e. Rayleigh–Bénard convection. The most
interesting examples of this process are convection in atmospheres, in oceans, on surfaces of stars.
For reviews on this classical problem and for the references to earlier literature we note the papers
by Kadanoff [1], Ahlers, Grossmann and Lohse [2], Shraiman and Siggia [3], [4].

Numerous meteorological, geophysical, astrophysical problems and industrial applications can
be formulated as Rayleigh–Bénard problem with the Rayleigh number from Ra = 105 up to Ra =
1020. Since the diffusion coefficient in the Navier–Stokes equation, which is inversely proportional
to the square root of the Rayleigh number, is very small, the solutions – both the temperature
and the velocity fields – have very thin boundary layers near the horizontal walls. To resolve these
boundary layers some special fine enough meshes must be used in the vicinity of the walls.
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In practice the meshes to simulate turbulent Rayleigh–Bénard convection are constructed using
the following technique. The mean mesh width is chosen of the order of the Kolmogorov scale to
resolve all relevant turbulent scales. This mean mesh width is turned to account to construct
an equidistant mesh. Sometimes a certain number of additional nodes are implanted near the
horizontal walls, where the boundary layers are expected, as it was done in the Direct Numerical
Simulations (DNS) by Verzicco and Camussi [5]. This manner of mesh generation is acceptable for
considerably low Rayleigh numbers and aspect ratios Γ of the Rayleigh cell. With growth of Ra
and Γ the boundary layers become thinner and for these more complicated cases a new adaptive
mesh generation method is required.

Generally, the strategies for solution-adapted mesh construction are based either on a priori
or on a posteriori information about the solution. The methods of the first type, Bakhvalov and
Shishkin methods [6], [7], [8] ensure so called ε-uniform convergence and thus produce excellent
meshes. However, for complicated problems such as turbulent Rayleigh–Bénard convection, this
a priori information is not provided. An algorithm, which could detect the boundary layers and
produce appropriate meshes for their resolution using a posteriori information is preferable.

Among methods based on a posteriori information the most effective are grid equidistribution
methods, which use monitor functions [9], [10], and adaptive mesh refinement methods, which start
with a very coarse mesh and use error indicators [11] for its iterative refinement. Since turbulence
simulations are impossible on very coarse meshes at all, we chose the grid equidistribution as a
base approach to construct an effective mesh generation algorithm.

To decide, which function must be equidistributed, one has to take into account that the
horizontal thermal boundary layers are usually much thinner than those of the velocity fields.
Therefore the temperature profiles must determine the distribution of the mesh nodes. Apart
from this, the desired meshes must be structured and stationary, i.e. not variable in time, by
the following reasons. The meshes that are used in the DNS of fully turbulent three-dimensional
convection is really large and consist of 107 − 109 nodes, since the mean mesh width must be of
the order of the Kolmogorov scale. Consequently the three-dimensional Poisson equation, which
couples the pressure and the velocity field, has also a huge number of unknowns and thus must be
solved by one of the fast Poisson solvers that are worked out only for structured grids. From the
other hand, an accurate approximation of the solution due to the moving in time mesh with large
number of nodes could be over time-consuming.

In the present paper we suggest an algorithm for adaptive mesh construction to simulate tur-
bulent Rayleigh–Bénard convection. The method is based on equidistribution of the arc-length of
the mean temperature profiles computed on equidistant meshes. The adaptive meshes generated
with the help of this algorithm provide required resolution of the horizontal boundary layers near
the rigid walls and were successfully used in three-dimensional DNS of turbulent Rayleigh–Bénard
convection in wide cylindrical containers of the aspect ratio Γ = 10 and Ra = 105, 106 and 107.

2 Governing equations in Rayleigh–Bénard convection

The governing dimensionless equations for the Rayleigh–Bénard problem in Boussinesq approxi-
mation can be written in cylindrical coordinates (z, r, ϕ) as follows

ut + u · ∇u +∇p = Γ−3/2Ra−1/2Pr1/2∆u + Tz, (1)

Tt + u · ∇T = Γ−3/2Ra−1/2Pr−1/2∆T, (2)

∇ · u = 0, (3)

where u is the velocity vector, T the temperature, ut and Tt their time derivatives, p the pressure.
Here

Ra = αgH3∆T/(κν)
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Figure 1: Averaged in time and in the ϕ- and r-directions mean temperatures T̂ (z) (left) and its
close-up view (right) for Ra = 105 (——), Ra = 106 (– – –) and Ra = 107 (- - - -) and Γ = 10.

denotes the Rayleigh number, Pr = ν/κ the Prandtl number, Γ = D/H the aspect ratio with H
the height and D the diameter of the cylindrical container. Further, α is the thermal expansion
coefficient, g the gravitational acceleration, ∆T the temperature difference between the bottom
and the top plates, ν the kinematic viscosity and κ the thermal diffusivity. The dimensionless
temperature varies between +0.5 at the bottom plate to −0.5 at the top plate. An adiabatic
lateral wall is prescribed by ∂T/∂r = 0. Finally, on the solid walls the velocity field vanishes
according to the impermeability and no-slip conditions.

Note that for the considered cases 105 ≤ Ra ≤ 107, Pr = 0.7 (air) and Γ = 10 the diffusion
coefficients in Navier-Stokes equations (1) are really small and vary from 8.36 · 10−5 to 8.36 · 10−6.

3 Mesh generation algorithm

In turbulent Rayleigh–Bénard convection there are two thermal boundary layers located near the
horizontal walls. In the vicinity of these walls the mean temperature profiles change dramatically
and remain almost zero in the bulk. In Fig.1 and Fig.2, respectively, the mean temperatures T̂
and the r.m.s.-temperatures T̂rms,

T̂ = < T >trϕ,

T̂rms =
〈
√

< T 2 >tϕ − < T >2
tϕ

〉

r
,

are presented for different Rayleigh numbers near the bottom plate. Here < · >trϕ denotes
averaging in time and also in the ϕ- and r-directions, while < · >r and < · >tϕ denote, respectively,
averaging in the r-direction or in time and also in the ϕ-direction.

Taking a closer look at the temperature and r.m.s.-profiles (Fig.1 and Fig.2) one can conclude
that the thermal boundary layers become thinner with growing Rayleigh numbers. In order to
resolve boundary layers near the horizontal walls for large Ra one has to use a non-equidistant
mesh with possibly optimal distribution of the nodes in the vertical z-direction.
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Figure 2: Averaged in the r-direction T̂rms (left) and its close-up view (right) for Ra = 105 (——),
Ra = 106 (– – –) and Ra = 107 (- - - -) and Γ = 10.

The grid generation method based on an equidistribution of a certain monitor function (see,
for example, Qiu and Sloan [9] and Kopteva [10]) is one of the most effective and easy applicable
method among the adaptive mesh generation methods based on a posteriori information. On a
certain class of test one-dimesional elliptic problems it was proven that the meshes produced in
the framework of this approach lead to principally more accurate solutions in comparison with
ordinary equidistant meshes and meshes generated by other algorithms.

The grid equidistribution ansatz is based on equidistribution of a non-negative monitor function
M(z),

∫ zk

zk−1

M(z)dz =
1

Nz

∫ H

0

M(z)dz,

for k = 1, ..., Nz. In one-dimensional problems the arc-length function

M(z) =

√

1 + (u′(z))
2

[9] or its finite difference analogue [10] is usually used as the monitor function. Here u(z) is
the current computed solution of the problem and u′(z) its derivative. In the case of turbulent
Rayleigh–Bénard convection we use averaged in time and in the ϕ- and r-directions mean temper-
ature T̂ (z) instead of u(z).

Our mesh generation algorithm, which produces meshes to simulate turbulent Rayleigh-Bénard
convection, consists of three steps. In the first step a rough solution of the Navier-Stokes system
(1), (2), (3) is found on a mesh, which is equidistant in the vertical z-direction. Averaging the
temperature in time and also in the ϕ- and r-directions gives the temperature profile, i.e. a
one-dimensional function T̂ (z) (see Fig.1).

In the second step we find the points {zk}, k = 1, ..., Nz , which equidistribute the monitor
function

M(z) =

√

1 +
(

T̂ ′(z)
)2

, (4)
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Figure 3: (a) Three steps of adaptive mesh generation. (b) Close-up view of (a) near z = 0.
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Figure 4: Snapshots of the temperature field −0.37 ≤ T ≤ 0.37 obtained for Ra = 105, Γ = 10 in
vertical cross-sections. Colour scale spreads from blue (negative values) through white (zero) to
red (positive values).

where T̂ ′(z) - is the derivative of T̂ (z). Then the mesh is checked: each cell must be smaller
than the Kolmogorov scale h(Ra) to resolve all turbulent scales. According to Grötzbach [12], the
Kolmogorov scale equals

h(Ra) = πΓ−1Pr1/2(Nu− 1)−1/4Ra−1/4,

where Nu is the Nusselt number,

Nu = Γ1/2Ra1/2Pr1/2 〈uzT 〉t,S − Γ−1

〈

∂T

∂z

〉

t,S

. (5)

If the constructed mesh is too coarse, the number of nodes Nz is increased and the second step
is repeated.

In the third step the hyperbolic tangent algorithm by Thompson [13] is used to make the
mesh smoother. This algorithm provides a smooth distribution of the nodes on the interval [0; 1],
using the following incoming data: the number of the nodes and the sizes of the first and the last
subintervals.

4 Application for Rayleigh–Bénard convection

To investigate turbulent Rayleigh–Bénard convection for Pr = 0.7 and Ra = 105, 106 and 107 in
cylindrical containers of the aspect ratio Γ = 10 the DNS were conducted. These simulations were
performed with the fourth order accurate finite volume method developed for solving (1), (2), (3)
in cylindrical coordinates (z, ϕ, r) on staggered non-equidistant grids. For details on the method,
namely the fourth order discretization, the calculation of the velocity field at the cylinder axis, the
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Figure 5: Snapshots of the temperature fields −0.37 ≤ T ≤ 0.37 for Ra = 105, 106 and 107, Γ = 10
in a plane near the bottom for z = H/(2Nu), which corresponds to the border between the bottom
thermal boundary layer and the bulk. Colour scale spreads from blue (negative values) through
white (zero) to red (positive values).
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hybrid explicit/semi-implicit time stepping and the numerical stability of the method we refer to
Shishkina and Wagner [15], [16]. In this section we discuss how the above presented algorithm to
generate an adaptive mesh, which is non-equidistant in the vertical z-direction, works for the case
Ra = 105 and Γ = 10.

In Step 1 on an equidistant mesh, which consists of Nz = 110 intervals in the z-direction, the
function T̂ (z) – the temperature, averaged in time and in the ϕ- and r-directions – was obtained.
The equidistant mesh corresponds to ”Step 1” in Fig.3a and Fig.3b.

In Step 2 a mesh, which equidistributes the monitor function (4) and is marked as ”Step 2” in
Fig.3a and Fig.3b, was constructed. This mesh is fine enough to resolve all relevant turbulent scales,
since the mean mesh width hDNS = maxi(∆zi ri∆ϕi ∆ri)

1/3 is smaller than the Kolmogorov scale
h(Ra) for all considered Rayleigh numbers. For example, h(105) = 4.37×10−2, h(106) = 1.98×10−2

and h(107) = 9.20× 10−3, while hDNS = 6.54× 10−3.
This mesh is solution-adapted, but has the only one disadvantage: some intervals are more

than 40% larger than their neighbours. This irregularity can destabilize the calculations. To make
the mesh smoother we applied in Step 3 the algorithm by Thompson [13], assigning the numbers
of nodes Nz + 1 = 111 in the z-direction and the sizes of the first and the last intervals, namely
the values (z1 − z0) and (zNz

− zNz−1).
Now the mesh consists of Nz = 110 finite volumes in the z-direction (the same value was in

the starting coarse mesh), is solution-adapted, and the neighbour intervals differ in size not more
than 7%. This resulting mesh corresponds to ”Step 3” in Fig.3a and Fig.3b.

In particular, 19.6% of the nodes of the adaptive mesh obtained for the case Ra = 105, Γ = 10,
lie in each thermal boundary layer, while in the equidistant mesh this number equals 12.5%. Thus,
only 60.7% and 75% nodes of the former and the latter meshes, respectively, serve to resolve the
bulk.

In Fig. 4 and Fig. 5 the coherent flow patterns that were obtained for Ra = 105, 106 and 107

in the DNS on the adaptive meshes are presented to illustrate complicated flow structures.
Formally, the thickness of the boundary layer is defined as

λ =
H

2Nu
,

where Nu is the Nusselt number (5), < · >t,S denotes the time and area averaging and uz is the
velocity component in the vertical direction. In the DNS utilizing the adaptive meshes we obtained
the following values of the Nusselt numbers: Nu ≈ 4 for Ra = 105, Nu ≈ 8 for Ra = 106 and
Nu ≈ 16 for Ra = 107 (see Shishkina and Wagner [17]). Thus, the corresponding thermal boundary
layer thickness can be estimated as λ ≈ 2.5 × 10−2 (Ra = 105), λ ≈ 1.25 × 10−2 (Ra = 106) and
λ ≈ 6.3×10−3 (Ra = 107). These estimates almost coincide with the points of maximum z0 of the
r.m.s.-profiles (see Fig. 2), namely, z0 = 2.5× 10−2 (Ra = 105), z0 = 1.24× 10−2 (Ra = 106) and
z0 = 6.6×10−3 (Ra = 107). The fact that the definition of the thermal boundary layer thickness (in
terms of the Nusselt number) and its estimate by the point of maximum of the r.m.s.-temperature
profiles produce almost the same values serves as the validation of a good resolution of the thermal
boundary layers.

5 Conclusion

The suggested mesh generation algorithm produces solution-adapted smooth meshes that lead to
principally more accurate solutions in comparison with the equidistant meshes. With help of this
algorithm we constructed the meshes, which made it possible to resolve the thermal boundary
layers in the DNS of three-dimensional turbulent Rayleigh–Bénard convection in wide cylindrical
containers of the aspect ratio Γ = 10 for Pr = 0.7 and comparatively high Rayleigh numbers
Ra = 105, 106 and 107.
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The physical results obtained for turbulent Rayleigh–Bénard convection in the DNS on the
adaptive meshes are discussed in the papers by Shishkina and Wagner [16], [17].
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