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Abstract: In this paper, we present rate of convergence estimates for eigenvalues and
eigenvectors of elliptic differential operators on non-smooth domains using non-conforming
spectral element methods. We define a class of compact operators on Banach space which
is used to obtain the results. If coefficients of the differential operator are sufficiently
smooth and the boundaries of the polygonal domain are piecewise analytic then exponential
convergence to approximate solution is obtained.
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1 Introduction

In this paper, we present convergence estimates for eigenvalues and eigenvectors of elliptic differen-
tial operators using spectral element methods. In the era of computation the spectral methods have
been proven to be faster and more accurate as compared to other alternative methods like finite
element methods and finite difference methods [7, 9, 14], and the references therein. The method
provides exponential convergence if the solution is sufficiently smooth, which would normally be
lost when the solution shows singular behaviour at the corners of non-smooth domains.

Spectral methods for solving the problems on non-smooth domains allow only algebraic con-
vergence [9, 14] which can be improved by use of auxiliary mapping of the form z = log &, as
proposed by Kondratiev [15]. Babuska and Guo used geometrically fine geometrical mesh in the
neighborhood of each of the corner in the framwork of finite element method [2, 3, 4]. To over-
come the singularities at corners we also use similar kind of geometrically fine geometrical mesh
and auxiliary mapping for obtaining exponential accurate solutions. Spectral methods for solving
elliptic boundary value problems on non smooth domains proposed in [13, 18]. The author et al.
have obtained the solution of elliptic eigenvalue problems on non smooth domains using spectral
element method [6].
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In [8] Bramble and Osborn developed spectral approximation results for a class of compact
operators on a Hilbert space and used the operators to obtain rate of convergence estimates for
the approximation of eigenvalues and generalized eigenvectors of non-selfadjoint elliptic differential
operators using Galerkin type methods. Later in [16] Osborn presented the spectral approximation
results for compact operators on a Banach space. The author claimed the use of these results for
various kind of approximation like, approximation of integral operators by numerical quadrature,
Galerkin approximation for non-selfadjoint elliptic differential operators and formulated the results
for approximation of eigenvalues and generalized eigenvectors of elliptic eigenvalue problems in
terms of the norm on the underlying Banach spaces. Descloux et al. in [11, 12] developed the
convergence estimates for non compact operators on Banach Spaces which were approximated by
Galerkin method.

In our work, the rate of convergence of eigenvalues is reduced to the problem of rate of con-
vergence of the approximate solution of corresponding elliptic boundary value problems as [5, 8.
Similar to [16] we define a compact operator 7 : V — V|V is a Banach space, and a family of
compact operators 77 : V — V, such that 77 — 7 in H' norm, as P — oco. Here P denotes the
degree of polynomials. We obtain the convergence estimates of 7, from 7 using spectral element
method. Babuska et.al [5] have shown that a compact operator T satisfies the variational formu-
lation a(7u,v) = b(u,v) corresponding to elliptic boundary value problems. Let A be a nonzero
eigenvalue of 7 which satisfies variational formulation a(u,v) = Ab(u,v), u is called an associate
eigenvector, corresponding to eigenvalue problems. Similarly we concluded that (A, ) is an eigen-
pair of eigenvalue problem if and only if A\Tu = u, i.e. (A~!,u) is an eigenpair of the compact
operator T [5, 10]. Further we define an integer ¢ which satisfy N'((A — 7)) = N((A — T)*h),
where N denotes the null space, is called the ascent of A — 7. The vectors in N'((A—T)*) are called
the generalized eigenvectors of T corresponding to A [5, 8, 16].

The outline of the paper is as follows. In section 2, we define our problem on non-smooth
domain and discuss the discretization of the domain. In section 3, we present our main result
which shows exponential convergence for the approximation of eigenfunctions.

2 Discretization

In this section we explain the methodology and discretization of domain for elliptic boundary value
problems. Consider the boundary value problem

Lu = fin §,
v = g on ')
ou
il = gl (1]
<8N>A gt on TH. (1)

Here L is a strongly elliptic operator defined as

2
Lu=— Z 5% (a”(w)aaxuj) + sz(x)g;i + e(x)u, (2)

irj=1 =1

where the coefficients a; j(x) = a;,(x), b;(z) and c(z) are analytic functions of z. Here (%)A is
the conormal derivative of u. Let A denote the 2 x 2 matrix whose entries are given by

Aij(2) = a;,5(z),
for i,j =1,2. Then (%) , is defined as

N
ou 2 ou
<8N>A = 2 gy ®)

4,5=1
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where n(x) = (n1,n2) is the exterior unit normal to T at z. Here I" denotes the boundary of the
domain. Further, let I' = TN U T T = U;cpT; and TN = U;eaT;. TO denotes the Dirichlet
boundary and Tl the Neumann boundary.

Let © be a polygon with vertices A, ..., A, and corresponding sides I'y, ...,I'y, where I'; joins
the points A;,_; and A;. We divide Q into p sub domains S*, S?, ..., SP such that each S* contains

L, Q
ep/9 3 A3
A
p
« 2 |3
s?|s
I
p
31 sh Fp
Q
Aq Q P
1 T = Ap

Figure 1: Discretization of the domain € into p non overlapping subdomains.

only the singularities at the vertex Ay, see Fig. 1. Then the sector S* with center at Aj, is defined
by

SP = {(2,9) | 0 < 7% < p,Prmin < Ok < Vhax }- (4)
Here (ry,0)) are polar coordinates at vertex Ay and p is chosen such that S* N S! = ) for k # [.
{¢F|i=1,...,I41} is an increasing sequence of points such that ¥} = ¢k, and 1/)’}k+l =k .

Choose p = ({1, ..., tp) to be the geometric ratios with 0 < p; < 1. Let
of =0and af = p(pp) VT for2 < j < N +1,
and
QF ;= { (re, ) | 0F <1 <oy 0F <O <fiy ), (5)

for 1 <i<I,1<j5<N.
Next, we define 17§C =In U;? for 0 < j < N + 1. Here 77’3 = —o0. Now we shall denote the image

of ij in (7x,03) coordinates by QF . where

R
OF = { (71, On) | 0 < 10 <y 0 < O <9y ), (6)

for 1 <i < I, 0<j < N. In doing so the geometric mesh ij for 1 < j < N reduces to a quasi
uniform mesh. However Q?,o is a semi-infinite strip.
In the remaining part of S¥, we retain the Cartesian coordinate system (z,y). Let

OPH ={Qf  [1<k<p N <j<Jpl<i<I}
We shall relabel the elements of OPt! and write

ot {1 <i< L}, (7)
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where L denotes the cardinality of OP*!. Henceforth the elements in OP*! are chosen to be
rectangles.

We shall now define the set of non-conforming spectral element functions in a general monomial
form over the sectoral neighbourhood in (7x,0)) coordinates, where 7, = In r,. However away
from the corners the spectral element functions are defined in (£,n) coordinates [6, 13]. Let
{{ay ;(k,0k)}i ik} € IINF be spectral element functions defined, by assuming that the cornermost

element is constant, i.e. 12?71 =c¢p forall 1 <i < I and

P P
~k § :E TS
U’i,j = bT)STkOk,

r=0 s=0

onflﬁj for 1 <i<I,2<j<N,1<k<p Herel<P; <P
Moreover, there is an analytic mapping Mlerl from the master square S = (—1,1)? to Qf“ and
hence spectral element function is define by

~p+1 _ & r. s
A En) =D D bl
r=0 s=0

Let d (Ag,vs) = infge,, {distance(Ay, )} denote the distance between x and vertex Ag. Let 8 =
(B1, B2, ..., Bp) denote a p-tuple of real numbers, 0 < 8; < 1,i=1,...,p.

Let f € HEO(Q) and we choose ﬂ,; so that 8} < ﬂ,; < By then by shift theorem [1] the solution
of (1) exists in H;;2(Q). Further by using the Remark 3 of [2] we can obtained the estimates

||u||HZ‘,2(Q) < CHfHH;',O(Q)' (8)

We now define the quadratic form which is needed in the sequel.

N,P ~k
Vvertices ({ui,j (Tk’ ek)}i7j7k)

SRS N+1—j 2
—J\ 2« Ak ok
= ;;;(Pﬂk J) ENL ui’j(Thek)HO,Qﬁj
. —2a ~ 2 ~ 2 R 2
£ diir) s (IR, + I+ N0,

k=1 ’ySngUB’;,
K(Fs)<oo

!
A3 e P+ DD d( A, ys) ™ (Hﬁk _CkHEﬁS +

leD k=l-1 ~s Conk Ty,
2
(a{k>
an i

n(ys)<oo
1 4
39s

%)
a .
| el 5 A,

l
F DY Ay

lEN k=l—1 ysConknry,
n(Fs)<oo

Here p(9s) is the length of the curve 45 and oy, =1 — G;.
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Next, we define

Vidierior ({0 (€1)))

L 2
=S fema| X (I, + e 0, + e )
=1 ’

s COPH1
Y )
3 s

2 Oupt!
D <||“p+1||o,% + Hat

€D v, CONPHINT,

o |(%0) 2 (10)
lEN v, COQP+INT, AL v,
Let
VNP (Gl (s 00 b (G0 € H) = VI e (1857000 k)
Vierior (1871 E M) - (11)

All the required terms in above definition are widely explained in [6].

3 Convergence estimates

In this section we shall obtain estimates for the error in approximating the eigenvalues and eigen-
vectors which is similar to the proof of error estimates in [6, 18].

Let 7 be a compact operator and 77 be a family of compact operators. Then we can relate
the projection onto the generalized null space corresponding to eigenvalue A to the projection
associated with part of the spectrum of 77. Let A be a nonzero eigenvalue of 7 with algebraic
multiplicity m and I" be a circle centered at A which lies in p(7) and contains no other points of
o(T). Then the spectral projection associated with (A, 7) is defined by

E—E)\) = — / R.(T)dz. (12)

27
Here E is a projection onto the space of generalized eigenvectors associated with A\ and T, i.e.,
R(E) =N ((A—=T)"), where R(E) denotes the range of F [10].

Theorem 3.1 Let f € R(E). Then there exist constants a and k such that
(T =T7) fl Sae™ . (13)

Proof: Let f € R(E) and u = T(f). Then T is compact operator [14],[17]. Let UF; (7%, 0)) =

u(zy, z9) — ¢y, for (11, 0x) € QF . and ¢, = u(A). Then by using Proposition 2.1 of [13] the estimate

zg’
M1 T4+
/ / > DD (UF;)Pem M dm, doby,
le|<m
< Clppy, T10)2(Cd™ 2 (m — 2)1)? (14)

holds for 1 < j < N, where 0 < A\g < ay and v < ai — . Here C and d are constants independent
of m.
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Now consider a quadrilateral Q7 e Pl Let

Urtlem) =u (Mf“(&n)) :

Then the following has been proved in Lemma 5.1 of [4].
Ulpﬂ(f, 1) is analytic on S and hence for some constants C' and d, we have

| DUPT (&) |< Cd™m! (15)

for |a| =m, m=1,2, ... R
Now using the results on approximation theory in [4, 17] there exists a polynomial @7 +1(£ ,m) of
degree P in each variable separately such that

IOF&m) = 7T (Em)3s < CoPT>F5(0ds!)? (16)

for1< {g L, where Cy = Ce?*.
Define Ui]’fj(Tk,Qk) = u(xy,x9) — ¢ for (z1,22) € Qf,j, where ¢ = u(Ag). Then there exists a

polynomial @f j (Tk, Or) of degree P; in 7, and 6}, separately such that

HUZ»’fj(Tk,Hk) —éﬁj(m,@k)”;(wi < CsjP]f25j+8(Xk)2sj||UZIfj ij,fzfj (17)
where
_ 1 gy | |
Xk = max §maxi(A¢i ), —y 1. (18)

‘We now define the functional which is to be minimized.

N,P ~
Rvertices ({ui] (Tkv ok)}i,j7k)
p N I

=3 DD o )T LR (7, Or) — Fk(7k79k)H2 .

k=1j=2 i=1 S

P
—2a . 2 . 2 . 2
£33 dlakm) 2 (0, IS L, + IS )

k=1 wsgzkuB]g,
n(¥ys)<oo

~k 2 ~ 2
a* — ck”o,fys + |u§k H%,fys)

z
> el Y d(Akﬁs)_m’“(

leD k=l-1 vsCOQkNT,
n(ys)<oo
l ~ Kk 2
—2ap au
PE Y Y e (95 (19
lEN k=l—1 ysConknr,, Ag 14

u(¥s)<oo
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Next, we define

mtemor ({UPH( )}l)
_ Z ‘

[’p+1Ap+1 Fp“(g 77)H

=1 0,S
+ > (Il + I, + 0, )
s CQPH1 o 270 27’
Oup T |2
DY (H pHHo,% ‘& 1 )
1ED ~, COQP+1nT, L.
2

(20)

DD

leN v, CoQr+inD,

(%5
on ),

RV ({al (7, 0 Yoo (T EmH) = R e (105 (s 00) i)
R erior ({E T €MD)

Define @ﬁo(Tk,Hk) =cpforl <i<Ip1<k<p,and \IJ (Tk,ﬁk) = <IJ (Tk,ﬁk) + ¢, for
es

(7, 0k) € QF ; and WP (g, ) = ‘f’fﬂ(ﬁ,n) for (£,n)
Now

Nl

Let

o o 2
HL’“\I!’“ —Fk < Hﬁk(\llf] + cx) *Ek(Uﬁj +Ck)‘ (21)
0,0k
K2V
Hence
. 2
(o 1y v — |
o o 2
< (o )R ﬁk(‘bﬁﬁck)*ﬁkwﬁj*C’“)Ho(zk
I
, . 2
< Clppy T ||0F, — UF,
2,0k
1,7
N+1-jy—2ay —25;+8 25 || gk ||°
< (phy, ) Co, (By) 2 06)™ Ui’j‘ i
Q,fli,j
‘ 2
<Oy (R (Clom T ) (s~ 2)) R

We proceed all the other terms of R:E ({\i/fj(m, 9;6)}‘

) in same fashion and finally esti-
.5,k

mate
N,P T LAl N+1—j5 2
Redterior <{\ij7] (Tk’ 9k }1 g, k) < Z Z Céa T2eit8 (C(pﬂk * _J)% (Xkd)sj Sj!) . (22)
k=1 j=

Similarly it can be shown that

Riirior ({877 €M)} ) < (Co(P)2T5(Cas))?) (23)
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We choose

aj < P;<pP, where0 <aandf <1, (24)
s; < TP, where0 < T < 1. (25)
Moreover s = T P.

Now by using Stirling’s formula
nl ~v2mne "n",

we obtain

RP (Lt m,ek)} Aurent)

4,

p N
Z > C(P)E(puy, TP (20T Py (x, Yd)PTH)

17=1
+C (P¥(2rYP)(Yd)* F).
Select T so that (x,YTd) < 1 for all k£ and Td < 1. Then there exists a constant b > 0 such that

the estimate
RNP <{‘1’k (Tkﬁk)} L

sJs

{or e}, ) s cer (26)

holds.
Let ({u?fj(m, O) Yok, {0V TH(E, 77)}1) be the space of spectral element functions, which mini-

mizes the functional RN-F ({\If (Thy O) Yi g, {OPT(E, 77)}[) over all i,j,k.

Hence
RN ({ah (s 00}, {007 (€ )}, ) < Ce™™”. (27)

Therefore we can conclude that
s ({w’f (i) =@ (i 60) } {7 (€om) — ] (6 m) ) <cet(28)

Hence by using the Stability Theorem 3.1 of [13] it can be shown that there exist constants a and
k such that

.3,

p N Iy
N 1— ~ 2
Dol Ter=he P+D00 (o )72 R (f; = UF) (70, 0) — (b — ar) 15 g5
k=1 j=1i=1 o7
L A
+ Y @ =T E)I3,s < aeF P (29)

holds.
Now we construct a set of corrections ({dﬁj(m, O) Yo, {APTH(E, n)}l) € II"VF such that
({ff,j(ﬂcv On) Yoo 1771 (€ 77)}1) = <{wzl'€,j (T Ok) i {07 1€, 77)}1)
+ ({df,j(ﬁc, O1) g {GTTHE, 77)}1>

is conforming and belongs to H*(Q) [6].
Define the operator 77 (f) = r. Then TF is a compact operator since its range is finite dimen-
sional. Then the error estimate

T =T") (Nl <ae™™F
holds for P large enough.
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4 Conclusion

In this paper, we defined a class of compact operators and used them to obtain the exponential con-
vergence for the approximation of eigenvalues and generalized eigenvectors of second order elliptic
differential operator on non-smooth domains, where the solution exhibit the singular behaviour at
corners, using non-conforming approach of spectral element methods.
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