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1 Introduction

In [14] + [18] de Villiers and Rohwer introduce and analyze an arbitrary order nodal spline approx-
imation operator with the properties of locality, interpolation at a subsequence of the spline knots
and optimal order polynomial reproduction. Fundamental existence and uniqueness theorems for
spline interpolation by means of additional knots, including the nodal spline case, are proved in
[9].

Let I = [a,b] be a given finite interval of the real line R and let m > 3 be the spline order. For
n > m — 1, we define a partition II,, of I by

y:a=m<n<..<7T,=b,

generally called “primary partition”.
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We insert m — 2 distinct points throughout (7, 7,41), ¥ = 0,1,...,n — 1, obtaining the spline

knots partition
X,:a=

where T(m—1)i = Tis 1= 0, 1,
Setting

S M.

2o <21 < oo < T(m—1)n = b,

Tk+1 — Tk
= max 5
0<k,j<n—1 Tj+1 - Tj
[k—jl=1

we say that the sequence of partitions {II,;;n = m — 1,m,...} is locally uniform (l.u.) if there

exists a constant D > 1 such that D,

hy, = maxo<i<n—1(Tit1 — Ti)-
Now, after introducing two integers

%(m +1),

and two integer functions

< D for all n. We denote by h,, the norm of II,, i.e.

m odd
and i3 =(m+1)—1ip
m  even

0, v=20,1,...,11 — 2,

Pv = V—’i1+1, I/:il—l,...,n—’i(h
n—(m-1), v=n—ig+1,..,n—1,
m—1, v=01,..,11 — 2,

qy = v+ i, v=1i;—1,...,n—1,
n, v=n—i+1,...n—1,

we consider the set {w;(z);i =0,1,...,n} of functions defined as follows:

li(x), x € |10, Ti; —1)s 1 <m-—1,
wi(z) = ¢ si(x), T € (Tiy—15 Tn—ig+1), n=m,
li(x), T € [Tn—ig+1s Tnl, i>n—(m-1),
where .
m—
T —T
L) =[] =
k=0 Ti = Tk
k#i
o
Z‘ ) = — Tn—k
71( ) g T — Tn—k7
k#n—1
m—2 ji

si(z) = Z Z Tir i Bm—1)(i45)+r(T),

=

0 j=jo

with jo = max{—ig,41 — 2 — i}, j1 = min{—ip + m — 1,n —ip — i}. The coefficients o, ,.; are

given in [16] and the B-splines sequence is written in terms of the set {B;

ci=(m—1)(i; —2),

(m—1)(¢1 —2)+1,...,(m—1)(n —ip + 1)} of normalized B-splines of order m defined on the set

of knots X,,.

The following locality property holds:

si(x)

=0, =& [Timiy, Titis]-
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Each w;(x) is nodal with respect to II,,, in the sense that
Wi(1j) =0i 5, 4,5=0,1,..,n.

Therefore, being det[w;(7;)] # 0, the functions w;(z),? = 0, 1,...,n, are linearly independent. Let
S, = span{w;(z);i = 0,1,...,n}. For all f € B(I), where B(I) is the set of real-valued functions
on I, we consider the nodal spline operator W, : B(I) — Sy, so defined

n

Wy f(z) = Zf(ri)ﬂ}i(x), z el (1)

i=0
By locality property, for 0 < v < n, we can write:
a
Waf(x) =Y f(r)di(z), =€ [r, 7]
1=py

In [16, 17] it is constructively proved that the following properties hold:

W, f € C™2(I), (2)
Wof(m) = f(r), i=0,1,...,n, (3)
Wap=p, pePm, (4)

where P denotes the set of polynomials of order m (degree < m — 1).
The following approximation error estimate is derived in [18], for f € C(I):

1f = Wafllo < [[Wall w(f, mhy), (5)
where o .
Woll= max — max Y l|i(z)] < (m+1)[Y D)™

0<j<n—17;<ax<7j41
i=p; A=1

and w(f,d) denotes the modulus of continuity on I, i.e.

w(f,0) = max |[f(x1) — f(x2)]-

xy,x0€l
|11712|§5

Applications to the construction of integration rules for weakly and strongly singular integrals,
including Cauchy principal value (CPV) integrals in one or two dimensions, are explored also by
the authors [3, 4], [6] = [8], [11] = [13], [19, 20, 25]. Moreover, a nodal spline collocation method
is proposed and analyzed in [5], for producing the numerical solution of weakly singular Volterra
integral equations of the second kind.

In this paper we present a collocation method, based on optimal nodal spline approximation,
for solving the following Cauchy singular integral equation (CSIE), with constant coefficients:

wwoa@)f@)+ 2 f IO gy [ span s =g, —1<o<1 @

m — X -1

where the symbol 4 means that the integral is defined in the CPV sense, wq g is the Jacobi weight
function
waﬁ(t) = (1_t>a(1+t)57 Oé,ﬁ> _17

© 2008 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



214 C. Dagnino, V. Demichelis, P. Lamberti

and k(z,t) is a Fredholm kernel.
We assume that f is Hélder continuous on [—1,1], i.e. f € H,(C), where

H,(C)={g:9 € C[—1,1],w(g,d) < C§”,0 < p < 1,for some C > 0}.

The above CSIE arises in several areas as aecrodynamics, elasticity, fluid and fracture mechanics.
The general theory for equations of the form (6) is well developed in [23].

In particular, we consider CSIEs with index v = —(a+ 3) € {0,1} ([2, 26]). If v =0, then (6)
has a unique solution; if ¥ = 1, then an extra condition must be supplied. This condition usually
takes the form

1
/ wa g(t)f(t)dt = ¢, ceR. (7)
-1

Our method is obtained by replacing the unknown function f by W, f in (6). If v =1, we also
replace f by the nodal spline in (7).

Then, we choose a set of collocation points {tx;k = 0,1,...,n — v}, different from the set X,
of knots, and obtain a system of linear equations for the unknown values ff ~ f(r;), i =0,...,n.

Once we have the approximations ff to f(7;), we can insert them into (1) and evaluate our
approximation to f for any z € (—1,1).

The proposed procedure has a great flexibility: indeed, we can choose the spline space Sy,
including the possibility of using the same primary knots with different values of m, and the
collocation points set {tx}.

Assuming that

hn, —0 as n— oo (8)

and f € H,(C), the CPV integrals of W, f, based on locally uniform partitions, converge uniformly,
with respect to 2 € (—1,1), to the CPV integral of f [11]. This is a necessary condition to ensure
the approximate solutions of (6) converge uniformly to the true solution [26] and allows to provide
a uniform bound for the error of the approximate solution.

We can remark that other spline approximation operators as, for instance, quasi-interpolatory
splines, reproducing polynomials up to the order of the spline, are suggested in [26] for the numerical
solution of CSIEs. Nevertheless, in general, the uniform convergence of CPV integrals of such
splines to the CPV integral of f € H,(C) cannot be proved. In order to overcome this drawback,
some authors propose the evaluation of CPV integrals by other spline techniques, as either the
singularity subtraction [27] or the quasi-interpolatory spline modification [10]. In [22] the Nystrom
method for (6), based on projector-splines, is used and the integrals are evaluated by subtracting
the singularity. In [1] a Nystrom type method, based on modified quasi-interpolatory splines, is
introduced and the related algorithm is realized.

The method here proposed allows to directly integrate the splines, ensuring the uniform con-
vergence for f € H,(C).

2 The spline collocation method

In this section we need the following notations:

1 w,
H(@) = () () + - 1 was (1 (0) 4y (9)

s t—x
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Kf(x) = / W (D), 1) (1)t (10)

-1
Rewriting equation (6), with the above notations, leads to

Hf +Kf =g.

First, we approximate f by the nodal spline W,, f defined in (1) and we form the residue equation

ro(@) = (HWo f + KW f = g)(x) = f(7) (Hd; + Kibi) () — g(). (11)
i=0
Then, we choose a set {ty;k =0,...,n — v} of collocation points in (—1,1), different from the

set X,, of knots.

Setting r,(tx) = 0, by (11) we obtain a system of linear equations for the unknowns ff ~
f(Ti),i = 0,1,...,77,.

For v = 1, the system will have n equations in the n + 1 unknowns f§, ff,..., f, so that it
must be augmented by the following equation, obtained approximating f by W, f in (7):

n 1
;ﬁ/l Wa,g(t)w; (t)dt = c.

For v = 0, we have n 4+ 1 equations in n 4+ 1 unknowns.
We write the collocation system in the form:

Aff=y, (12)

where:

=105 05 R

g= [g(t())vg(tl)a"'7g(tn—l)aC]Ta v=1,
= o), g(tr), - gt v =0.

In order to define the collocation matrix entries, we introduce the following notations:

1 N.
ﬁ?u@(z) _ ][ w dt, e (-1,1),
—1 t—ax

u () = Ky (a),

1
)\?’B — / U}a’ﬁ(t)ﬂv]l(t)dt, Z = 0, 1, ceey N
—1

The elements {ay,;}} ;o of the matrix A in (12) can be expressed by
_ ; b o o, _ L
Ak fawa’ﬁ(tk)wi(tk)+;ui (te) +p; " (ty), k=0,..,n—v, i=0,..,n.

In the case v = 1 the elements of the (n + 1) — th row are a,; = \*?, i =0,1,...,n.

Therefore, we obtain the matrix entry ay; by evaluating 7% (tx) as well as & ().) and A3,
Closed form expressions for such integrals can be derived for special choices of «, 3 and k(z,t)
[4, 25]. When closed form expressions do not exist, a numerical method must be used [21, 27].
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Since the number of linear equations is equal to the number of unknown values, we can solve
the system (12) for these values, provided the matrix A is nonsingular, which we assume.
Once we have the approximations ff to f(7;), we can insert them into (1), obtaining:

n

Waf(@) =) fiai(e)

=0

and evaluate our approximation W, f€ to f for any = € (—1,1).

3 Error estimates
The vector f = [f(70), f(71), ..., f(7x)]" of the true values satisfies
Af =g—e (13)

where: e = [eg, €1, ..., e,]7T is the sum of error vectors in the spline interpolation and in the numerical
integration, induced by the use of nodal splines, i.e.

ek:HRnf(tk)+KRnf(tk)a k‘:O,l,...,nfy,

with H and K defined in (9) and (10), respectively, and R, f = f — W, f. If v = 1, the last
component of e is e, = fil Wa,5(t) R f(t)dt.
Hence, from (12) and (13), we obtain the following error estimate for the spline method:

1f = Flloe < 1A o llefloo- (14)
In order to bound ||¢||, we prove the following theorem.

Theorem 1 For f € H,(C), let us consider a sequence {W, f € Sm, } of nodal spline approzima-
tions. Assume that the sequence {Il,,} of primary partitions is l.u. and (8) holds.
If p+~ > 0, where v = min («, 8), then

O(hfy|log hnl) , v =0

HRnf(x)+KRnf(x):{ O(hP+), v <0, (15)
where, the O-term holds uniformly with respect to x € (—1,1).
Proof. By Theorem 3.1 in [3], we know that
KRuf(x) = O(ht). (16)
Now, we estimate HR,, f. By (3), we can write
R,.f(-1)=R,f(1) =0. (17)
Taking into account the error estimate (5), since f € H,(C) and {II,} is L.u., there results
max |R, f(z)| < Ch:, C>0. (18)

z€[—1,1]
Moreover, considering that for any u,v € [—1,1],

B f(u) = Bnf(0)] < [f(u) = f(0)] + [Waf(u) = Waf(v)]
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and W, f is at least C'[—1, 1] in virtue of (2), it follows
R,f e H,(C1), forsome C; > 0. (19)

Conditions (17), (18) and (19) ensure that the CPV integrals of {W, f} converge to the CPV
integral of f uniformly in (—1,1) [24] and the following estimates hold for p +~ > 0 [12]:

1
was(ORuf(t) [ O(hglloghy|), v>0
][,1 i—z T o), <0, (20)

where, the O-term holds uniformly with respect to € (—1,1). The result (15) follows from (5),
(16) and (20). =

By Theorem 1 and (14), since we assume that the collocation matrix A is non singular, we can
conclude

If = f oo < CohP™, 0< Oy < c0.

We remark that we consider f Holder continuous on [—1, 1], because this is a general interesting
case for the applications. However, if f is smoother, for instance f € C*[-1,1], 1<s<m—1
and its derivative of order s is Holder continuous, then it is easy to show that || f — f[|« is at least
O(hi—1+p+’7).

4 Numerical results

The above proposed spline method has been applied to solve a number of integral equations,
including those here presented, for which we use uniform sets X,, of knots and several choices of
collocation points different from X, .

We denote by:

e N =n+ 1: both the primary knots number and the collocation matrix dimension;

e m: the spline order;

E,: the uniform norm of the error |f(t) — W, f¢(¢)| computed by using a 101 uniform mesh
of evaluation points in (—1,1);

En, = max05i§n|f(7'i) - ane('rl)‘ )

Cy: condition number of the collocation matrix A.

Example 1

We consider the equation:

(1—a?)
(1-a?)

—z+1
+x—-1

, —l<z<l,

[N NI

1
l][ (1—12)"3 GR +22(1—2%) 2 log
e

m™J_1 t—x

which has the solution f(t) = t[|t], if the additional condition fil \/J% dt = 0 is imposed.
Table 1 shows the rate of convergence of the method, with quadratic nodal splines (m = 3).
The obtained results confirm the convergence properties proved in section 2. Moreover, an estimate

for the collocation system condition numbers is reported for increasing values of N.
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Table 1: Example 1

(N [m][ B [ En, | Cn |
6 | 3 | 7.47(-03) | 2.13(-03) | 3.77
12 | 3 | 1.53(-03) | 4.43(-04) | 7.71
36 | 3 | 1.39(-04) | 4.38(-05) | 23.53
82 | 3 | 2.86(-05) | 8.17(-06) | 53.87

Example 2

The second equation is

1t L f(t
7][ (1—t2)_§f()dt:4x2—1, —-l<x<l.

™ J_1 t—ax

It has the unique solution f(t) = 4¢3 — 3t, with the additional condition fil \/% dt = 0.
To this problem we apply the collocation method based on quadratic and cubic nodal splines.

Table 2 provides the corresponding results.

Table 2: Example 2
[ N|[m][ Ey,En, | Cn |

8 | 3 ]3.67(-02) | 5.08
19 | 3 | 2.06(-03) | 12.32
39 [ 3 | 2.11(-04) | 25.51
82 | 3 | 2.08(-05) | 53.87
8 | 4 | 2.60(-14) | 57.27

We remark that the exact solution of the equation in Example 2 belongs to P* and, since (4)
holds, the order of error is 10714 in the case m = 4.

To summarize, in solving (6) by the proposed method, there are various possibilities for the
choice of the spline order, of the spline knots set and of the collocation points. These features
enable us to experiment with different spline spaces and different choices of sets {tx}. Indeed,
several numerical experiments can be done to evaluate the solution of (6) and get a feel for what
is a good choice among the many possibilities.
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