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ABSTRACT. HIV can infect cells via cell-to-cell and virus-to-cell transmissions. These two
types of transmission may occur in a combined way and enable viral spread. In this paper,
we investigate analytically and numerically the influence of these two transmission modes,
as well as the viral loss due to infection of T-cells. We introduce, analyze, and compare
three mathematical models and show that viral loss due to infection of cells has little effect
on the dynamics of HIV. Moreover, we show that additional conditions for the steady state
stability are needed when virus-to-cell-transmission is included and a critical value for this
parameter is provided. Numerical simulations illustrate the theoretical results and further
investigate the differences between these systems.

© 2018 European Society of Computational Methods in Sciences and Engineering

1. INTRODUCTION

The severe and deadly impact of AIDS (Acquired Immunodeficiency Syndrome) has mo-
tivated scientists to investigate it in the sequential stages of HIV (Human Immunodeficiency
Virus) infection. HIV is a virus that attacks the human immune system as well as certain
human organs such as heart, brain, and kidneys. It is also a retrovirus, which means it
only replicates in a dividing cell. The immune system is a collection of special cells in the
blood and in tissues throughout the body; its role is to protect the body from infections
and some cancers. Among the cells of the immune system are the lymphocytes, or CD4+
T-cells, which help direct immune function in the body. They are the primary cells attacked
by HIV. The virus attaches to them, enters and inserts its own genetic material into the
CD4 lymphocytes and then replicates itself. When enough CD4 lymphocytes have been de-
stroyed by HIV, the immune system barely works. Identifying these steps is crucial because
the Highly Active Antiretroviral Therapy (HAART) — describing a combination of three or
more anti-HIV drugs — is based on administrating a cocktail of drugs that inhibit these ma-
jor steps. During the replication process, the HIV virus often “makes” mistakes producing
a new strain of virus. If a person is taking only one type of drugs, then this new strain
of virus becomes resistant to it and starts replicating very fast. This way the benefits of
the treatment are lost and this new strain can produce other variants as well. Taking two
or more antiretroviral drugs can reduce drastically the rate at which these resistant strains
appear and can make the treatment to be effective over a longer period of time.

The intrinsic complexity of HIV has been a crucial factor for the development of various
mathematical models for the dynamics of the disease in order to predict viral evolution
over time and under various conditions and, more importantly, to get valuable insights
into the emergence of HIV drug resistance and possible treatment scenarios ([9, 12, 13,
17, 22, 23, 25, 26, 27, 28, 31, 33, 34, 35, 36, 37, 38, 39], among many others). Most of
these models include only virus-to-cell infection. However, infection might occur by cell-to-
cell transmission [20, 21, 29, 30, 32, 38, 39, 40]. The mechanisms underlying this type of
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transmission are not very clear [40] and there is little evidence of this pathway in vivo [25].
However, there are certain advantages in investigating cell-to-cell spread of HIV, for example
it may help explain the viral load persistence during perfect or effective treatment [32, 40].
Nevertheless, the relative contributions to the viral replication from cell-to-cell and virus-to-
cell transmissions still remain unclear [5, 10, 40, 42]. Mathematical models that include these
transmission modes have been used to study the dynamics of HIV [10, 14, 38, 39, 40, 41].
Each time a healthy CD4" T cell is infected, at least one virion must enter. Thus, it is
natural to consider the loss of virus due to infection of cells. It is not clear if there is a
significant correlation with T cell concentration, and many mathematical models ignore this
effect [25].

In this paper we investigate analytically and numerically the effect and influence of virus-
to-cell and cell-to-cell transmissions, as well as the loss of virus due to infection of cells,
on the dynamics and treatment of HIV. Three models are used for this study: a classic
model for the dynamics of HIV including a logistic term to account for the production of
CD4*" T cells in the presence of antigen (Model 1), a model including cell-to-cell spread of
HIV (Model 2), and a model including the loss of virus due to infection of cells (Model 3).
We analyze and compare these models by deriving the basic reproduction ratios, relations
between them, and showing stability of the steady states (similarities and differences). We
also perform numerical simulations to explore the effects of cell-to-cell transmission and the
loss of virus due to T-cell infection.

The paper is organized as follows. In Section 2, we introduce, analyze, and compare
(analytically and numerically) the systems for the pre-treatment stage. In Sections 3 and
4, we perform the same investigations in the presence of reverse transcriptase and protease
inhibitors, respectively; we provide analytical and numerical results for the perfect and
imperfect inhibitors. In Section 5, we consider and analyze therapy combinations.

2. MATHEMATICAL MODELS AND ANALYSIS OF PRE-TREATMENT STAGE

We consider three systems to investigate the influence of cell-to-cell infections. First
system, hereinafter called Model 1 is presented below, where we include a logistic term to
account for the CD4" T cell production stimulated in the presence of antigen.

dT T
(1) %—s—l—/ﬂ(l— m) AT — kVT
dT*
2 — kVT — 07"
(2) o
v
2 NST* —
(3) o J cV

Here, T is the concentration of lymphocytes, known as CD4" T cells, T* is the concentration
of productively infected CD4" T cells, and V is the concentration of the free virus. All the
parameters and their values are in the Table 1. The infection occurs by free virus interacting
with healthy T cells. This interaction leads to the loss of uninfected T cells at the rate
—kV'T and the production of infected T cells at the rate kV'T. A simple mass-action term
has been used with rate constant k (see [25], for example).

When the body gets infected by HIV, there are two types of CD4" T cells: uninfected
and productively infected. Thus, one could incorporate this into the logistic proliferation
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term as pT(l —

hereinafter called Model 2. Tts contribution is described by the term §77*. This mode of
transmission leads to the loss of uninfected T cells at the rate —0T7T™ and the production of
infected T cells at the rate §7T*. Therefore, we obtain the system below.

>. Also, cell-to-cell spread of HIV-1 is included in the next system,

dT T4+ T
(4) S =s+oT(1- il ) = T — VT — 0TT"
dt maxr
dT*
(5) = KVT — 6T + 0T
v
& NOT — eV

Every time a T-cell is infected, at least one virion must enter [25]. There is little evidence
about the importance of this fact in vivo during the pre-treatment evolution of HIV and even
less is known during treatment of HIV. In [25] the authors claim that the term appears to be
small compared to the clearance of the virus in average HIV-infected patients; however its
effect is not investigated further. Thus, for the third case, we include also the loss of virus
due to infection of the cell. At least one virion infects a healthy T-cell, and so we add the
term —kVT to equation (6) [25]. Thus, the last system we consider in this study is given
below and hereinafter called Model 3.

dT T4+ T
(7) S = s+ or(1- i ) = & T — WVT — oTT"
dt max
4T
(8) = VT — T" + TT*
(9) C;—‘t/ — NOT* — &V — kVT

TABLE 1. Parameter definitions and values used in numerical simulations

Parameter Description Value References

s Recruitment rate of uninfected d-T(0) [27]
CD4t cells

dr Death rate of uninfected CD4% cells 0.01 day ! (19, 27]

p Rate of growth of CD4% cell population 0.03/day

Tz Maximum CD4% cell population level 1500 mm~*

k Infection rate of CD4" T-cells by the 2.4-107°ul day™t [1, 24, 27]
free virus

0 Cell-to-cell infection rate of CD41 T-cells varies

5 Death rate of infected cells 0.3 day ! 3]
for infected cells

N Virions produced per infected 5000 [27]
cell

c Clearance rate of free virus 23 day ™! [27]

® 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)


user
Typewritten Text
37


38 N. E. TARFULEA

2.1. Steady state analysis. In what follows, we will give a detailed analysis of Model 3
and mention similar results for Model 1 and Model 2.

2.1.1. Steady state analysis for Model 3. We now show that there are two possible pretreat-
ment steady state solutions within the nonnegative orthant given by equations (7)-(9): an
infection free steady state (with no virus present) and an endemically infected steady state
(with a constant level of virus). These are given by the solutions of the algebraic system

Ty +Tp
(10) 5+ pTo (1 - 0t ©) — dr Ty — KVTy — 0Ty T5 = 0
(11) KVoTy — 6T; + 0Ty Ty = 0
(12) NOT: — Vi — kVyTy = 0

Let So = (1o, 15, Vo) be the infection free steady state, which is given by
p—dr ++/(p—dr)® +45p/Tau

( ) 0 QP/Tmag; ) 0 ) 0
Let S; = (T;,T7,V;) be the infected steady state. If we add equations (8) and (9), we
N§—6+0T,)T; NOT;
obtain V; = ( + ) ' From equation (9), Vi = T _{j , hence we obtain that 7} is
C i C

the positive solution of the quadratic equation OkT? + (kN — kd + c0)T; — dc = 0. Therefore,

o _ —(ENG— ko +ch) + V (kNS — k6 + c0)2 + 40koc o _ SHPT - PT2 ) Trnge — dpT

20k o 0+ pT;/ Trnac ’
(6 - 0TI}
dV,=——F"—"-".
and V; W
The Jacobian matrix of the system (7)—(9) is
p— L orery—dp—kv—orr L1791 kT
J = kv 46t ~o 10T KT
—kV N§ —c— kT
Evaluated at the uninfected steady state Sy it becomes
2
P — P TO—dT — P TO—GT() —l{?TO
J(SO) — Tmaz Tma:c
0 —0 + 0T kT
0 N§ —c— KTy

This steady state is asymptotically stable if and only if the eigenvalues of the matrix J(.Sp)
have negative real parts. The characteristic equation det (J(Sp) — Al3) = 0 is

2
(14) (A+dT+ &

max

To—p> [)\2—)\(—5+9To—c—kTo)+(5c+6kT0—HcTO—GkTOZ—NékTO) —0.

2
T & Ty = —\/(p —dr)? + 4sp/Thnas is negative for any

choices of the parameters. The sum of the roots of the quadratic factor is —0 + 60Ty — c— kT
and for it to be negative implies 74(0 — k) < 6 + ¢. Here § and k are the cell-to-cell and
virus-to-cell infection rates, respectively. If  is smaller than k, then the condition is satisfied.
However, even if this is not the case, the order of magnitude for the term 74(6 — k) is about
ten times smaller than for the term o + ¢, which guarantees that this condition is satisfied

The first eigenvalue \; = p — dr —
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for the model parameters. Nevertheless, this condition provides an upper bound for the
cell-to-cell infection rate, that is

0+c
1 0 <k )
(15) < k+ T

Therefore, the necessary and sufficient condition for the roots to have negative real parts is
that their product be positive. If we let
(Oc + Nok — 0k)Ty + OkTE
e ’
where Tj is given by (13), denote the basic reproductive ratio, then the uninfected steady

state Sy is stable if and only if R3 < 1. Therefore, we just proved the following stability
result.

(16) Ry =

Proposition 1. If condition (15) is satisfied, then the infection free steady state Sy is locally
asymptotically stable if R3 < 1 and it is unstable if R3 > 1, where R3 is the basic reproduction
ratio given by (16).

If we consider the situation in which 7" = constant = T, in (7)—(9) (as frequently considered,
such as in [25]), the system becomes

dT*
(17) i EVT, —0T" +0T.1T"
d
(18) d_‘t/ = NOT* — ¢V — kVT,
Proposition 2. Consider the system (17)—(18). If
N
(1) 0T, < 6 and ¢ > <(5 — 2Tc — 1) kT, then the virus will become extinct.
(2) c= ( No_ 1> kT,, then the virus will tend to a constant value
~ \§—0T. “ N5 '
(3) either 6 < 0T, or 0T, < and c < (5 o7 1) kT., then the virus will grow without
bound. ‘
Proof. Let
\ —(6 =0T, + c+ kT.) £ /(6 — 0T. — ¢ — kT,)2 + 4NSKT,
1,2 =

2
be the roots of the characteristic equation
N4 (6 =0Ty + ¢+ kTN + (6 — 0T,)(c + kT,) — NSkT, = 0
No
o — 0T,
MA+XN=0T.—0—c—kT.<0and A\ = (6 — 0T,)(c+ kT,) — NSkT. > 0,
which implies that A\; and Ay are both negative. Thus, the virus will become extinct.

N
If c = (5 gT — 1> kT,., then Ay < 0 and Ay = 0. In this case, the virus will tend to an

equilibrium value.

associated to the autonomous system (17)-(18). If 7, < 6 and ¢ > ( - 1) kT, then
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N
Finally, if either § < 07, or 0T, < 6 and ¢ < ( — gT . 1)ch, then A A = (8 — 0T.)(c +

kT,) — NokT. < 0, and the virus will grow without bound.

O

In this case one can compute the general solution for the system (17)—(18), which is given
by

(19) T*(t) = CreMt + Coe™
(M —OT 0N, Ay =0T + 0\
(20) V(t)=Cy ( ) ) M+ Cy ( T ) e

If we consider the initial conditions 7%(0) = 0 and V(0) > 0, the particular solution for this
system is given by

(21) T*(t) = C (eM — ™)
B M —0T.+0 N Ay =0T+ 0\
B vime|(A ) e (s ]
where
o V(0)kT. V(0)ET.

T M- (00T, —c— KI)? + ANOKT,

2.1.2. Steady state analysis for Model 2. The system (4)-(6) has also two steady state so-
lutions in the nonnegative orthant. The infection free steady state is the same as in the

0
previous case, given by (13). The infected steady state in this case is T; = m,
T* = p+pT‘Z _pT?/Tma:c _dTTYz and V _ N5T;‘
' 5 + pE/Tmax ’ ¢ C ’

The Jacobian matrix of the system (4)-(6) evaluated at the uninfected steady state Sy
becomes

2
P — P TO — dT — i TQ — QT() —kJTO
J(S ) _ Tma:c Tmam
0= 0 —0 + 01y kTy
0 No —c

It leads to the characteristic equation

(23) (/\ +dp +

2
= Pqy - ,0> [A2 (=3 + 0Ty — ¢) + (8¢ — 0Ty — NdkrTo)] —0
The first eigenvalue is as before and it is negative. For the quadratic equation, Ay + \3 =
—0 + 0Ty — ¢ < 0 gives an upper bound for the cell-to-cell infection rate, that is

)
(24) 6 < 2C x 1705678 - 102
0
The product A\ - A3 > 0 implies that dc — 0cTy — NOokTy > 0. If, as before, we denote
Oc + Nok)T
(25> R22(0+(5 ) 07
c

the basic reproduction ratio in this case, we obtain a similar stability result.
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Proposition 3. If condition (24) is satisfied, the infection free steady state Sy is locally
asymptotically stable if Ro < 1 and is is unstable if Ro > 1, where Ry is the basic reproduc-
tion ratio given by (25).

Moreover, considering a similar case in which 7' = constant = T, the system (4)-(6)
becomes

dr*

(26) - = KV, = 0T + 011"
dVv

2 — = NOT" —

(27) g cV

The characteristic equation in this case is
N4+ (6 —0T. 4+ c)\+c(6 — 0T.) — N6kT, =0

with roots

—(6 =0T, +c) £ /(6 — 0T, — ¢)® + ANSKT,
5 :

A similar analysis as in the previous case leads to the following result.

Atz =

Proposition 4. Consider the system (26)-(27). If

NOKT,
(1) 0T, < 6 and ¢ > 5 6]275 , then the virus will become extinct.
NGKT, )
(2) c= 55#’ then the virus will tend to a constant value.
| ) NOKT. - |
(3) either 6 < 0T, or 0T, < 0 and ¢ < 50T then the virus will grow without bound.
Also, the general solution for the system (26)-(27) is given by
(28) TM< (t) = C’le’\lt + 026)\21:
B M =0T, +0\ ., Ay =0T, + 0\
(29) V(t) = Cl <k—n) € + 02 T e,

where Ao are the roots of the corresponding characteristic equation in this case. If we
consider the initial conditions 7%(0) = 0 and V(0) > 0, the particular solution for this
system is given by

(30) T*(t) = C (eM — ™)

B M —0T.+0 NG Ay =0T+ 0\
(31) V(t)=C [( T ) e ( T ) e |
where

o VIR, V(0)KT,

T M- J0_ 0T, — 2 + ANOKI,
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2.1.3. Steady state analysis for Model 1. Similarly, the system (1)-(3) has two nonnegative
steady states. The infection free steady state is as before, given by (13), and the infection

Vi N —d
steady state is T; = kiN’ Tr = 5\7_5’ and V; = ST + P k r_ Nk?fjcﬂmax. As before, if we let
NET
(32) Rl - 07
c

be the basic reproduction ratio in this case, the following stability result holds.

Proposition 5. The infection free steady state Sy is locally asymptotically stable if Ry < 1
and is is unstable if Ry > 1, where Ry is the basic reproduction ratio given by (32).

If we consider the case T' = constant = T, as before, for the resulting system the stability
result is as follows.

Proposition 6. (1) If Ry < 1, then the virus will become extinct.
(2) If Ry =1, then the virus will tend to a constant value.
(3) If Ry > 1, then the virus will grow without bound.
Here Ry is given by (32).

The general solution for the system in this case is given by
(33) T*(t) = CreM! 4 Che™,

IOV AN M0
(34) V(t)_01< v )e +02( o >e ,

where \; o are the roots of the corresponding characteristic equation. If we consider the
initial conditions 7%(0) = 0 and V(0) > 0, the particular solution is given by

(35) T(t) = € (M — ),
(36) V(t)=C K%S) Mt (Ak_;é) A} |
e o VORL V(R

T M —A /- 2+ ANOKT,

Remarks. (1) The condition on the basic reproduction rate for Model 1 is enough to
characterize the stability of the infection free steady state, whereas for the other
two cases, Models 2 and 3, one needs an additional condition for the upper bound
for the cell-to-cell infection rate, . Moreover, this statement remains true for the
case of T' = constant = T, that is, the stability of the infection free steady state of
the system in Model 1 is described by the basic reproductive ration in this case and
additional conditions on # are required for the systems in Model 2 and Model 5.

(2) The basic reproductive rations for these three systems (given by (32), (25), and (16))
are related as follows.
0T, 0Ty — 6)kTy

Thus, Ry < R, for any choice of the parameters, inferring that the stability of the
infection free steady state for Model 2 implies the stability of the infection free steady

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)


user
Typewritten Text
42


43

(a) Model 1 (b) Model 2 (¢) Model 3

(d) Model 1 (e) Model 2 (f) Model 3

FIGURE 1. Evolution of uninfected CD4" cells for different values of N-the
number of virions produced per cell ((a)—(c)) and for different values of k-the
infection rate ((d)—(e)) (@ = 107° and initial conditions: T'(0) = 10% cells/ pul,
T*(0) = 0 cells/pul, and V(0) = 1073 copies/ul).

state for Model 1, as expected. For the values of the parameters listed in Table 1,
Rs < Ro, the stability of the infection free steady state for Model 2 implies the
stability of the infection free steady state for Model 3 as well. This fact is caused by
the loss of virus due to infection of the cell influence included in Model 3. As for a

comparison between Model 1 and Model 3, one can observe that for 6, = TR
c 0

we have R; = R3 (for the considered values of the parameters, f, = 3.126 x 1077);
furthermore, Ry > R3 for 0 < 6.

2.2. Numerical investigations for the pre-treatment case. In this section we perform
numerical investigations to study the effect of the cell-to-cell transmission and compare
the dynamics described by these three models. We start by investigating the influence of
the infection rate, k, and the number of free virus produced by lysing a CD4" T-cell, N,
for various values of cell-to-cell infection rate . When the treatment is introduced in the
systems, it is done via efficacy coefficients for reverse transcriptase and protease inhibitors
([27, 34, 35, 36]). That is, the rates k and N will have a factor of the form (1 — ¢), where
e € [0, 1] depicts the efficacy of the specific inhibitor. Thus, it is only natural to investigate
small variations in k£ and N. We consider the values for this parameters as given in Table 1
and k/2, k/3 and N/2, N/3, respectively. We present the results for two values of 6, namely
6 = 107 (Figure 1) and ¢ = 10~* (Figure 2). First, we observe that these parameters
influence the evolution of all three types of cells (healthy T-cells, infected T-cells, and virus
cells). As expected, a higher value for N or k produces a lower concentration of healthy
T-cells and, consequently, higher virion concentration.
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(a) Model 1 (b) Model 2 (¢) Model 3

(d) Model 1 (e) Model 2 (f) Model 3

FIGURE 2. Evolution of uninfected CD4" cells for different values of N-the
number of virions produced per cell ((a)—(c)) and for different values of k-the
infection rate ((d)—(e)) (@ = 10~* and initial conditions: T'(0) = 10% cells/ pul,
T*(0) = 0 cells/pul, and V(0) = 1072 copies/ pul).

TABLE 2. Percentage variation as a function of 6, for infected steady state T;
and V;, when using Model 1 and Model 3

0€[0,1075] 6€[107°,1074] 6 € [107% 1073]

Healthy CD4% cells | 1073 — 1.032% 1.032 — 10.62% 10.62 — 106.47%

Free virus 2.16 — 2.31%  2.31 — 3.69% 3.69 — 14.92%

We can also see the effect of varying 6 (for Models 2 and 3). Higher values of 0 lead to bigger
fluctuations and lower steady state value for the uninfected T-cells. Moreover, we observe
that there is a considerable difference between Models 1 and 3, but a much smaller difference
between Models 2 and 3, leading to the conclusion that the loss of virus due to infection of
a cell does not have a significant impact on the HIV evolution in the pre-treatment case.

To further investigate this, we vary € in the range [0,1073]. In Table 2, we show the
variation (in percentages) in infected steady state for the healthy T-cells (7;) and free virus
(V;) as 0 varies in the indicated range. Data presented in this table was obtained using Model
1 and Model 3. As expected, the higher the value for 6, the bigger the difference. When
Model 2 and Model 3 are compared, this difference ranges between 0.007 —0.032% for T; and
0.014 — 0.028% for V;. Interestingly enough, the steady states agree better for larger values
of 4.

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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(a) Model 1 vs. Model 2 (b) Model 1 vs. Model 3 (¢) Model 2 vs. Model 3

(d) Model 1 vs. Model 2 (e) Model 1 vs. Model 3 (f) Model 2 vs. Model 3

FIGURE 3. Percent variations between models in evolution of uninfected CD4"
cells ((a)—(c)) and of free virus ((d)—(e)) (f = 107°).

Furthermore, we solve these systems numerically and compare the differences between
them not only in the steady states values, but for their entire evolution in the pre-treatment
case. This investigation enforces the same conclusion. In Figure 3 we present the variation (in
percentages) in the evolution of uninfected CD41 T-cells and free virus. For this illustration
we choose § = 107°. We see similar findings: the inclusion of cell-to-cell transmission impacts
the evolution of healthy CD41 T-cells and free virus, whereas the impact of the loss of virus
due to infection of the cell is not significant in the pre-treatment case.

3. REVERSE TRANSCRIPTASE INHIBITORS

Treatment regimens for HIV infection have traditionally consisted of antiretroviral drug
therapy as a means of suppressing the overall viral load in the body. Generally, this type
of treatment has the effect of delaying the onset of AIDS and its accompanying symptoms.
There are two major classes of antiretroviral drugs which are utilized in HIV treatment, and
they are often employed simultaneously in a regimen known as Highly Active Antiretroviral
Therapy (HAART) [6, 7, 8, 23| as a means of preventing drug resistance, as discussed further
below. One of these classes of drugs is the reverse transcriptase inhibitor (RTT), which is
similar in nature to the non-nucleoside reverse transcriptase inhibitor (NRTT). These drugs
prevent the aforementioned enzyme, reverse transcriptase, from carrying out its intended
purpose, and so prevent the cell from becoming infected with the viral RNA. This would
have the effect of reducing the rate at which target T-cells are infected by free virus; in our
model would have an impact on k, the infection rate.

3.1. Perfect RT inhibitors. In the presence of a perfect RT inhibitor (i.e., & = 0), both
systems (4)-(6) and (7)-(9) (for Model 2 and Model 3) become

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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dT T 4T )
(37) E—S—I—pT(l— — )—dTT—eTT
ar
(38) — 0T +0TT"
dt
av
— = N/T™ —
(39) o cV
and the system (1)-(3) (for Model 1) becomes
dr T
(40) =+ pT<1 - Tma) —drT
ar~
41 = —0T"
(41) o
av
42 — = NT" — ¢V
(42) dt ¢

As opposed to the classical model ((40)-(42)), in our model the 7" cell dynamic equation (37)
is not completely decoupled from the viral dynamic equations (38) and (39). Productively
infected cells T™ are still generated, albeit in small numbers, by the interaction between T
and T cells.

The main ingredient for the next result is the classical Gronwall inequality; it states that
if y: [0,7] — R is differentiable and y(t) satisfies the differential inequality

y'(t) < h(t) +g(t)y(t),

with g continuous and A locally integrable, then
t

y(t) < y(0)e® + / O (s)ds,
0

for G(t) := fJg(T)dT.
Proposition 7. In the case of perfect reverse transcriptase inhibitors, the following results
hold.

(1) If 0T 0x < 0, then both T* and V in (37)-(39) decay exponentially to zero.
(2) Both T* and V in (40)-(42) decay exponentially to zero.

Proof. (1) From equation (38), observe that
dT*
dt

Then, from Gronwall’s inequality it follows that T*(t) < T*(0)e(~0+0Tmaa)t i e T*(t) — 0,

as t — oo, exponentially if 67},,, < 0. From (39), we obtain

d
d_‘t/ < NOT*(0)el -0+ manlt _ (/.

Applying Gronwall’s inequality again, it follows that
B NOT*(0) >€_Ct NOT*(0) (40T )
C_5+9Tmax C_5+9Tmam
and this concludes the proof for the first part.

= (=6 4+ 0T)T* < (—6 + 0T as) T

V(t) < <V(0) b0, as t = oo,
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(2) In this case, we can solve the system (40)-(42) to find

T*() = T*(0)e~*" and V() = &((50)6—& + <V(O) - &éo)) et 50, as t — 00
C — C —
0

The Jacobian matrix of the system (37)-(39) evaluated at the uninfected steady state Sy
is

2
P — pTO—dT — d TO—QTO 0
J(S ) — Tmaa} max
0/ = 0 —0 + 07, 0
0 No —c
2
The eigenvalues of the characteristic equation in this case are \;y = p — dr — T P Ty =

—\/(p —dr)? +4sp/ Tz, Ao = —0+0T), and A3 = —c. Simil2arly, the eigenvalues of the char-
P Ty = _\/(p —dr)? +48p/Tnae,

Ao = —0, and A3 = —c. Hence, we obtain the following stabfﬁ%;f result.

acteristic equation for the system (40)-(42) are A\; = p—dr—

Proposition 8. In the case of perfect reverse transcriptase inhibitors, the infection free
steady state Sy of the system (37)-(39) is locally asymptotically stable if 0Ty < &, whereas the
infection free steady state Sy of the system (40)-(42) is always locally asymptotically stable.

Remark. In the presence of perfect RT inhibitors, the basic reproduction ratios become

0T,
Rkperfect RT =0 szperfect RT — R?fperfect RT = 75

where T is given by (13). Thus, the infected free steady state is stable for Model 1. However,
an additional condition on 6 is necessary for Model 2 and Model 3, namely

: )

43 <ot = —

(43) -

For the Valugs of the parameters considered in this paper (Table 1), this condition implies
that 6 < 6Tt = 2,196 x 1074,

[t is natural to assume 7' is constant (= T.), at least for a short period after the therapy
begins. In this case, (38) and (39) decouple from (37), and we get an autonomous system
whose solution is

N&T™(0) ) —ct N&T*(0) o(—0+0Te)t

* _ * (—5+9Tc)t — - N7
T*(t) =T"(0)e , V(t) <V(O) c—0+0T. c—0+0T,

)
Both T and V' decay exponentially to zero if § < T Similarly, (41) and (42) decouple from

(40) and the resulting system has the solution

T*(t) = T*(0)e™®, V(t) = ]\7;5%*((50)6_& + (V(O) — Nf%*((s())) e,

with both 7™ and V' decaying to zero as t goes to infinity.
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3.2. Numerical investigations of perfect RT inhibitors. In this section, we investigate
numerically the perfect RT inhibitors. We first solve the system (37)—(39) for different values
of 6. The initial conditions are given by the values of the infected steady states for the
corresponding pre-treatment system. Figure 4 illustrates the evolution of uninfected T cells,
infected T cells, and the free virus, in these cases. If 6 < 611U, bhoth T* and V decay

exponentially to zero and T" approaches Ty, as expected. If 6 is bigger than CT1t hut close to
it (Figure 4 (a)—(c)), we see that the virus is not eradicated, it approaches a positive value.
The same behavior is observed for 7™, whereas the healthy T cell concentration approaches
levels lower that Tp. If the values of 6 are bigger, but still within one order of magnitude
of 61 (Figure 4 (d)—(e)), the viral load increases converging to higher levels, while the
number of infected T cells converges to considerable lower levels.

—6=22510" —0=225"10"
—0=23010% 700 —0=230"10"
1 —0=235"10" | —0=235"10"
|—0=1.95"10% 600 —0=1.95"10"|

1300

| s00

1100 1 = 4 ‘a00

—0=22510"
—0=230"10"
—0=23510*
[—0=195"10%

1000 1 800
t t t

(a) Uninfected CD4™ cells (b) Infected CD4™ cells (c) Free virus

T T \

—0=2510"
—0=3x10"

400 6=3540%
|—6=40"10*
—0=1910*

[ 50 100 150 200 250 300 350 400 450  50C 0 50 100 150 200 250 300 350 400 450  50C 0 50 100 150 200 250 300 350 400 450  50C
t t t

(d) Uninfected CD4™ cells (e) Infected CD4T cells (f) Free virus

FIGURE 4. Evolution of uninfected CD4% cells ((a) and (d)), infected CD4*
cells ((b) and (e)), and free virus ((c) and (f)) for different values of 6, using
Model 3, under perfect RT inhibitors.

One of the critical obstacles to successful HIV drug therapy is the imperfect adherence to
a prescribed drug regimen due to its complexity or severe side-effects. Thus, we investigate
the viral response under imperfect adherence to the treatment regimen; here we explore
several cases. We first consider the system (40)—(42) for which perfect RT inhibitors lead
to a complete cure of the disease. Numerical simulation for imperfect adherence to the
treatment are presented in Figure 5. The first presented scenario is when the number of on
and off treatment days is the same, but the schedule is one day on - one day off, two days on
- two days off, and seven days on - seven days off. In figure 5 (a)—(c) we show the evolution
of uninfected, infected T-cells, and free virus. One can see that it is better to interrupt the
treatment more frequently and for shorter periods of time.
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FIGURE 5. Evolution of uninfected CD4* T cells ((a) and (d)), infected CD4™
T cells ((b) and (e)), and free virus ((c) and (f)) using Model 1 for imperfect
adherence to the treatment regimen (with k£ = 0).

In the second case presented in this paper, we investigate what type of imperfect adherence
(coupled with perfect RT inhibitors) still guarantees the eradication of the virus. In figure 5
(d)—(e) we present the cases 1:1, 2:1, and 3:1 of days on treatment, followed by one day off
treatment. One can see that there is considerable difference between these cases; furthermore,
if one day of interruption follows three or more days on treatment, the uninfected T-cell
population approaches Ty (given by (13)), and the viral load decreases toward zero.

Next, we consider the system (37)—(39) (obtained for Model 2 and Model 3 when k = 0)
and investigate the imperfect adherence to the treatment regimen. As expected, we obtain
the same conclusions as before. Furthermore, we investigate the influence of 6 on the viral
response. We show the results in Figure 6, for 3:1 ratio in Figure 6(a) and for 1:1 ratio in
Figure 6(b). Again, we obtain that cell-to-cell transmission plays an important role and a
bigger value for 0 leads to a much lower level for uninfected T-cells. Moreover, even in the
case 3:1 (one day off that follows three days on the treatment), 6 has a significant impact;
the viral load does not approaches zero, as uninfected T-cell concentration approaches values
lower than Tj.

3.3. Imperfect RT inhibitors. Since the RT inhibitors are not perfect, we study the
antiretroviral drug therapy by introduction drug-efficacy parameters. These parameters have
been explored as a means of modeling treatment regimens in numerous models, such as [1, 25,
27, 28, 34, 35, 36] and are meant to simulate the activity of reverse transcriptase inhibitors
once they are introduced into an infected individual’s immune system. As mentioned earlier,
reverse transcriptase inhibitors reduce the rate at which CD4+ T-cells are infected by HIV
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FIGURE 6. Evolution of uninfected CD4™" cells for perfect RT, using Model 3
for different scenarios of imperfect adherence to the treatment regimen (with

k=0).

virus, hence they reduce the value of k. This activity is reflected in the term (1 — egy).
Thus, a more realistic model for the action of an RT inhibitor for Model 3 is

dr T+T
44 — =s5+pl(1— i —dpT — (1 — egp)kKVT — 0TT™
dt
ar . y
d
(46) d—‘t/ = N6T* — ¢V — (1 — epp)kVT

where 0 < egp < 1 represents the “effectiveness” of the RT inhibitor. We obtain similar
systems for Model 2

dT T+ T*
(47) =5+ r(1- il ) = i — (1= cpp)kVT — 0TT"
dT™ . N
(48) dt = (1 — SRT)]CVT — (ST + GTT
dV
49 — = NT* -V
(49) - c
and for Model 1
dT T
(50) = =5+ pT(l - ) AT — (1 — epp)kVT
dT™
(51) dt = (1 — ERT>I{)VT — 0T
1%
52 — = NOT* — ¢V
(52) 7 c

The analysis of these systems does not change from the previous cases since the positive
coefficient £ in (1)-(3), (4)-(6), and (7)-(9) has been replaced by (1 — egr)k, which is also
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positive. Each system has two positive steady states, infection free steady state, So, and
infected steady state, .S;, where again, the positive parameter k has been replaced by (1 —
err)k. The basic reproductive ratios are given by

(Oc + NOk — 6k)Ty + OKT? (Oc + NOk)Ty NET,

dc ’ de ’
and the same stability result holds, that is, the infection free steady state is locally asymptot-
ically stable if the basic reproductive ratio is less than 1 for the system (50)-(52). Additional
conditions (similar to (15) and (24)) are needed for systems (44)-(46) and (47)-(49); the
results are given by Propositions 1 and 3. Here k = (1 — egr)k. This condition provides
critical value for the RT inhibitors’ efficacy above which the virus is eradicated. For each
considered system, these values are as follows.

(53) Rs—rr =

Ro—pr =

s 071, dc
54 Crltlcal — 1 o 1 o 0
(54) “3-RT 5 ) Tok[(N —1)8 + 0Ty
critical 070 c
=1—-(1——7
(55) €9 RT < 5 > TokN
tical c
(56) e

If we consider 6 € [0,1077], then £STitical — ¢ 766150, =Stitical ¢ [0.766150,0.776798], and

sgfilg%ﬂcal € [0.766072,0.776727]. Moreover, one can see that the condition on 6 given by (43)
is necessary in this case as well. Furthermore, we investigate the influence of 6 on critical
values for efficacies for each system and obtain the following result.

° s?fi};iTcal = sgfiIEiTcal if and only if § = 0. In this case, the common value for the RT
inhibitors’ efficacy is 0.766150.
critical _ _critical i¢ 204 onlv if O = 0 hich. for the val fth .
o it ey pr o if and only i TO(N+1)’W ich, for the values of the param
eters in Table 1, it is equal to 7.318 x 1075,
L i 5
. eSEE?Tcal = egfﬁglﬁal if and only if 0 = T (same as the critical value given by (43)).

0
This leads to a common critical efficacy value equal to 1.

3.4. Numerical investigations of imperfect RT inhibitors. In this section we investi-
gate numerically the effect of RT inhibitors on the considered systems. We start by solving
numerically the systems (44)-(46), (47)-(49), and (50)-(52), for different values of 6 and
different RT inhibitors’ efficacies. The initial conditions are given by the values of the in-
fected steady states for the corresponding pre-treatment systems. We obtain, as expected,
that the higher efficacy err, the healthy T-cell concentration approaches higher levels and,
consequently, the viral load approaches lower levels. In Figure 7 we present the evolution
of uninfected T-cells, infected T-cells, and free virus for two efficacies, namely ezr = 0.75
(Figure 7 (a)-(c)) and egy = 0.7 (Figure 7 (d)-(f)). Both values are less than the critical
value of about 0.76, above which the virus is cleared from the system.

We also consider different values for cell-to-cell infection rate 6, namely 5 - 1075, 10*?,
5-107°,107%, 2-107*, and compare with § = 0 as well. These values are less than gerit
given by (43). We observe a huge impact of this parameter. In both cases (egr = 0.75 and
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FIGURE 7. Evolution of uninfected CD4* T cells ((a) and (d)), infected CD4™
T cells ((b) and (e)), and free virus ((c) and (f)) using Model 3 for egr = 0.75
((a)-(c)) and epr = 0.7 ((d)-(F))

erpr = 0.5) we see that the virus is not eradicated, however the healthy T-cell concentration
approaches lower values as 6 increases. Moreover, when cgr is close to the critical value
(given by (54)-(56)), the uninfected T-cell concentration approaches values close to Tp, the
infection free steady state, for # = 5-107%, 107, or 5-107°, whereas the concentration is less
than half Ty for § = 2 - 107*. A small difference is observed even if we compare § = 0 and
6 = 5-1079 cases, leading to the conclusion that cell-to-cell transmission plays an important
role in the treatment of HIV consisting of RT inhibitors.

We also investigate the viral response under imperfect adherence to treatment regimen.
We obtain the same conclusions as for the perfect RT inhibitors (Section 3.2), that is any
interruption of treatment leads to higher levels of free virus.

In Figure 8 we present the variation of the infected steady state V; (for the free virus) as
egr varies in the interval [0, 1]. We investigate this variation for different values of 6 (the
same values as above). We observe that for low values of RTT efficacies (less than 0.5), bigger
values for 6 lead to higher viral loads; whereas for efficacies greater than 0.6, bigger values
for 6 lead to higher viral loads. The z-intercept values of these curves represent the cgrp
needed for clearing the virus. Once again, we observe that bigger efficacies are needed for
bigger values of 6.

Thus, from numerical investigations performed in this case, we can again show the impact
of cell-to-cell transmission on the HIV dynamics, in the presence of RT inhibitors.
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FIGURE 8. Infected steady state Vj as a function of ezy for different values of
0 (using Model 3).

4. PROTEASE INHIBITORS

The other primary class of drugs which is utilized in HAART is the protease inhibitors
(PI). As their name implies, PIs inhibit protease, an enzyme used by the virus to chop up
viral DNA produced by a productively-infected cell into viral RNA which can be used in
the formation of a new virus particle. As a result of the drug’s action, viral RNA produced
by this cell will be of an improper length and will typically render the newly formed viral
particle non-infectious [4]. In our model, this would impact N.

4.1. Perfect Protease Inhibitors. In the presence of perfect PI inhibitor (i.e., N = 0),
we have the following systems.

From (1)-(3), Model 1 becomes

dT T
(57) =+ ,oT<1 - TW> Ay T — kVT
dT*
— kVT — 6T
(58) = kV
v
59 A
(59) i c
From (4)-(6), Model 2 becomes
dT T+ T
(60) S s+ oT(1- il ) = & T — WVT — 07T
dt max
dT*
(61) = KVT — 31" + 0TT"
v
62 A
(62) o ¢
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From (7)-(9), Model 3 becomes

dr T+T
(63) S = s+ or(1- i ) = & T — WVT — 97T

dt max

drT*
(64) —— = VT — 67" + 0TT"

av
65 — =—cV —-kVT
(65) = ¢

av . .

From (59), (62), and (65) we see that o < 0, thus V' decays exponentially to zero in every
case.

Proposition 9. In the case of perfect protease inhibitors, the following results hold.
(1) If 0T 00 < 0, then T* in (63)-(65) decays exponentially to zero.
(2) If 0T 00 < 6, then T* in (60)-(62) decays exponentially to zero.
(3) T in (57)-(59)decays exponentially to zero.

Proof. The main ingredient for this proof is again the Gronwall’s inequality.

(1) From equation (65), observe that

d
d_‘t/ =(—c—kT)V < —cV.
Then, from Gronwall’s inequality it follows that V(¢) < V(0)e™*. From (64), we

obtain T
o < kV(O)e_CtTmax + (0T a0 — 0)T™.

Applying Gronwall’s inequality again, it follows that
EV(0)Tax ) - EV(0)T o

T*(t) < (T*(O) + e — 0, as t — oo.

c— 0+ 0T, _c—5+9Tma$
(2) From equation (62), we have
av

i —cV, thus V(t) = V(0)e .
Therefore, we can use the argument before since equations (64) and (61) are identical.

(3) In this case, equation (59) implies that V(¢) = V(0)e~“. Then, from equation (58),
we obtain

T*
d 7 < kV(0)e e — 0T

With Grownwall’s inequality, we obtain that

< + _— _—_—
() (T (0) c—90 )e c—5

— 0, ast — oo.

O

The Jacobian matrix of the system (63)-(65) evaluated at the uninfected steady state Sy
1s

2
p—Tp TO—dT —Tp TO—QT() —k?TO
J(So) = ™0 i Sy KT,
0 0 —C — kT()

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)


user
Typewritten Text
54


55

2p

The eigenvalues of the characteristic equation in this case are \y = p — dr — - Ty =

—\/(p— dr)? + 4sp/Thaz, Ao = —0 + 0Ty, and A3 = —c — kTy. Similarly, the eigenval-
2

ues of the characteristic equation for the system (60)-(62) are \y = p — dp — T P Ty =

—(p—dp)? +45p/Thaw, A2 = —6 + 0Ty, and A3 = —c and for the system (57)-(59) are

2
T p Ty = —\/(,0 —dr)? +4sp/Thaz, Ao = =9, and A3 = —c. Thus we obtain

the following staﬁg(ilﬁty result.

At =p—dr—

Proposition 10. In the case of perfect protease inhibitors, the infection free steady state Sy
of the systems (63)-(65) and (60)-(62) is locally asymptotically stable if 0Ty < &, whereas the
infection free steady state Sy of the system (57)-(59) is always locally asymptotically stable.

Remark. In the presence of perfect PI inhibitors, the infected free steady state is stable for
Model 1, however, an additional condition on @ is necessary for Model 2 and Model 3, given
by (43), which is a similar result as for the case of perfect RT inhibitors.

If we consider the case T' is constant (= T,), at least for a short period after the therapy
begins, then (64) and (65) decouple from (63) to get an autonomous system whose solution
is

V(t) = V(0)el-e Tt
EV(0)T, _ EV(0)T, e
T*(t) = [ T* 0) — C (0Te—0)t c (—c—kTe)t
®) ( (0) —c+5—0Tc—kTC)€ R -y —
(64) and (65) decouple from (63) to get an autonomous system whose solution is

kV(0)T, )6(0Tc—6)t+ KVO)T. .

V(t) =V (0)e ", T*(t) = (T*(O) -

et 6 —kT, et 6k,
and (64) and (65) decouple from (63) to get an autonomous system whose solution is
_ EV(O)T.\ _ EV(0)T. _
— ct T* — [ T* vy \M)Te ot MY \M)Se —et
V(t) =V (0)e , T*(t) ( (0) S ) e "+ o135 ¢

Same conclusion holds in this case too, that is, if cell-to-cell infection and/or loss of virus

due to infection of cell are included, an extra condition # < — is needed for T and V to

decay exponentially to zero. ‘

4.2. Imperfect Protease inhibitors. As in the case of imperfect RTIs, we introduce drug-
efficacy parameters to study antiretroviral therapy in the presence of protease inhibitors.
They reduce the burst rate, N, and their activity is reflected in the term (1 — ep;). Thus, a
more realistic model for the action of an RT inhibitor for Model 3 is

dT T4+ T

(66) S s+ oT(1- il ) = & T — WVT — 07T
dt max
dT"

(67) = VT — 6T" + 0TT*
%
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where 0 < ep; < 1 represents the “effectiveness” of the PI inhibitor. We obtain similar
systems for Model 2

T T4+ 7"
(69) —=s+pT(1— il >—dTT—kVT—9TT*
dt max
T*
(70) d = KVT — 31" + 0TT"
v
(71) % = (1 — €pI)N(5T* —cV
and for Model 1
dT T
(72) r=st ,oT(1 - Tm> Ay T — kVT
dT*
— VT — 8T
(73) = kV
dv
(74) E = (1 — €p[)N5T* —cV

The analysis of these systems does not change from the previous cases since the positive
coefficient N in (1)-(3), (4)-(6), and (7)-(9) has been replaced by (1 — ep;)N, which is
also positive. Each system has two positive steady states, infection free steady state, S,
and infected steady state, S;, where again, the positive parameter N has been replaced by
(1 —epr)N. The basic reproductive ratios are given by

(Oc 4+ Nok — 6k)Ty + OkT (Oc + N&k)Ty _ NkT,

75 R_ — R_ = - _ —
( ) 3—PI Se ; 2—PI S ; 1-PI c 5

and the same stability result holds, that is, the infection free steady state is locally asymptot-
ically stable if the basic reproductive ratio is less than 1 for the system (72)-(74). Additional
conditions (similar to (15) and (24)) are needed for systems (66)-(68) and (69)-(71); the
results are given by Propositions 1 and 3. Here N = (1 — ep;)N. This condition provides
critical value for the protease inhibitors’ efficacy above which the virus is eradicated. For
each considered system, these values are as follows.

critical oc — (90 - 5k)T0 - QkTOZ
—1—
(76) “3-PI NokT,
critical dc — 0cTy
B el
(77) “2-PI NOkT,
N "
(78) ggritical _ TN

If we consider 6 € [0, 1077, then e§titical — o 766150, s§titical ¢ [0.766150,0.776798], and

6§E§}Cal € [0.765817,0.776480]. Moreover, one can see that the condition on @ given by (43)
is necessary in this case as well. Furthermore, we investigate the influence of € on critical
values for efficacies for each system and obtain the following result.

o ef{iﬁ}cal = 55{1;5}(33“1 if and only if § = 0. In this case, the common value for the PI

inhibitors’ efficacy is 0.766150. We obtained the same result for the RT inhibitors.
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i - . Sk
o cStitical _ égfl;g}cal if and only if § = P

in Table 1, it is equal to 3.126 x 1077,

, which, for the values of the parameters

critical _ 6critical
1 —&3Zpr

o
L IRy if and only if § = T (the same value as the critical value given

0
by (43) and in the case of RT inhibitors). This leads to a common critical efficacy
value equal to 1.

4.3. Numerical investigations of Protease Inhibitors. We investigate numerically the
influence of protease inhibitors as well. In this case we note that, for perfect protease
inhibitors, viral load converges to zero, for either one of the considered systems; however,
infected T-cell concentration decays to zero only if condition (43) is satisfied.
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FIGURE 9. Infected steady state V; as a function of € p; for different values of
0 (using Model 3).

For imperfect protease inhibitors, the results are similar with the case of RT inhibitors,
namely, for bigger ep; values, healthy T-cell concentration converges to higher values. Also
in this case, 0 has the same impact on the dynamics of HIV (Figure 9). Similarly, we examine
the variation of the infected steady state V; (for the free virus) as ep; varies in the interval
[0,1]. We find similar results, i.e., V; is higher for lower @ values if ep; < 0.5, and Vj is
lower for lower 6 values if ep; > 0.6. However, comparing the results in Figures 8 and 9, we
observe that protease inhibitors are more effective than RT inhibitors.

5. COMBINED THERAPY

A typical ART regimen consists of a cocktail of drugs from both classes, thus we investigate
a combination of both drugs used simultaneously. In the systems (1)-(3), (4)-(6), and (7)-(9),
the parameter k is replaced by (1—egr)k and the parameter N is replaced by (1 —ep;)N.The
analysis does not change from the pre-treatment case; each system has two steady states
(infection free Sy and infected S;), with k and N being replaced by (1 —egr)k and (1—ep;)N,
respectively. Similar stability results hold as well.
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In the case of perfect inhibitors (kK = 0, N = 0), Models 2 and 3 are identical and the
same stability results hold: the infection free steady state is always stable for Model 1 and
an additional condition given by (43) is required for Models 2 and 3. Furthermore, V' decays
exponentially to zero, however the condition 87iax is needed to ensure that T decays
exponentially to zero as well.

‘RT

FIGURE 10. ep; vs epr such that infected steady state V; = 0, for different
values of 0 (using Model 3).

We investigate this case numerically and obtain the same outcome with respect to the
cell-to-cell infection rate. We then simulate a combination of both types of drugs being used
simultaneously. The relationship between their efficacies such that V; (the infected steady
state for the free virus) is zero is presented in Figure 10; the coordinates of any point on
each curve give the necessary combined efficacies for a complete treatment. Note that one
can obtain similar results considering any nonnegative threshold value for V;. We use the
same values for 6 as in the previous analyses and see one again the effect of this parameter,
that is, the effect of including the cell-to-cell transmission. Moreover, we define the overall
treatment effect (see [27]) to be

(79) e=1—(1—err)(1—epr),

for egr,epr € [0,1]. Using this, we further investigate the optimum combination of RTIs
and Pls for a potential maximum overall efficacy. We compute the overall efficacy ¢ for the
pairs (egr,epr) € [0,1] x [0, 1] at which infected steady state for the free virus is zero. We
then compute the average overall efficacy, using Model 2 and Model 3, for different values of
0. We present these values in columns 2 and 3 of Table 3, and the relative difference between
all three considered models in columns 3 - 5, in the same table.

First we observe that incorporating the loss of virus due to infection of a cell has a small
effect on the HIV dynamics under treatment. Moreover, it appears that, as € increases,
Models 2 and 3 agree better. We also observe that cell-to-cell transmission plays an important

role. As 6 increases, but still less than gerit given by (43),the differences grow faster up to
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TABLE 3. Overall treatment effect € as a function of

6 average £ average ¢
Model 2 Model 3 relative difference (in %)
2vs 3 1vs2 1vs3
x1072
5x 10791 0.771474  0.771150 4.201 0.695 0.653
107° 0.776798  0.776485 4.031 1.390 1.349
5x107°{0.819391 0.819138 3.087  6.950 6.916
1074 0.872632 0.872451 2.075 13.899 13.875
2x10710.979113  0.979084 0.297 277797  27.793

about 27%, slightly more between Models 1 and 2 (column 5), than between Models 1 and 3
(column 6 in Table 3).

6. CONCLUSIONS

In this paper, we have explored the influence of virus-to-cell and cell-to-cell transmissions,
as well the loss of virus due to infection of a cell, on the dynamics and treatment of HIV. In
our study we considered three systems: a classic model for the dynamics of HIV including a
logistic term to account for the production of CD4™ T cells in the presence of antigen (Model
1), a model including cell-to-cell spread of HIV (Model 2), and a model including the loss
of virus due to infection of the cell (Model 3). We have analyzed, studied, and compared,
analytically and numerically, these systems during the pre-treatment stage as well as during
various treatment scenarios. In each case, we have determined that the systems have two
steady states (infection free and infected), we have investigated the stability of the infection
free steady state and found conditions under which the viral load and the infected T cells
decay to zero, and we have provided numerical evidence for our results. We have ascertained
that there is little difference between Models 2 and 3, thus implying the inclusion of the
loss of virus due to infection of a cell does not have a significant impact on the dynamics
and evolution of HIV. However, the impact of cell-to-cell transmission is significant and the
differences between these cases increase as the rate 6 increases. We have found a critical
value for 6 that plays a crucial role throughout the entire analysis providing an additional
condition for Model 2 and 3.

Under either perfect reverse transcriptase inhibitors or protease inhibitors, in the classic
model V' and T™ decay exponentially to zero. However, in the other two cases, for perfect
RTTs, productively infected T cells are still generated, requiring an additional condition for
the stability of the infection free steady state and to guarantee V and T* — 0 ast — oo. For
perfect Pls, V' always decays to zero, however the extra condition is necessary for 7% — 0.

We have continued our investigation under different treatment scenarios by including the
efficacies of RT1Is and Pls, and the overall treatment effect. In conclusion, we have established
that inclusion of the loss of virus due to infection of a cell does not affect the dynamics
significantly, however cell-to-cell transmission has an important effect on the dynamics and
evolution of HIV during pre-treatment stage, as well as during ART therapy.
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