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Abstract: In this paper we present a new formalism to study the structure of workflows. A
workflow is an abstraction of a business process that consists of one or more activities that
need to be executed to reach a final objective. Our formalism is based on Graph Theory,
Propositional Logic, and Boolean matrices. Indeed, we model workflows with tri-logic
acyclic directed graphs. Moreover, we analyze the behavior of workflows using a certain
type of Boolean matrices. In particular, we establish a necessary and sufficient condition
for the logical termination of workflows.

Finally, we show that a derived workflow has the same behavior as the original workflow.
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1 Introduction

Our main goal is to provide a new theoretical mathematical foundation that can describe and
analyze workflows. A workflow is an abstraction of a business process that consists of one or more
tasks to be executed to reach a final objective (for example, hiring process, sales order processing,
loan application, insurance claim, and so on). In other words, workflows are modeled business
processes.

Our formalism is based on the use of Graph Theory, Propositional Logic and Boolean matrices.
In our approach workflows are modeled with graphs, whose tasks are represented with vertices
and the transitions are modeled with arcs. Each task of a workflow represents a unit of work that
can be executed by humans or software applications. We consider tasks as atomic pieces of the
workflow, since they generate all the transitions and models (i.e., simple parts of the workflow)
present in the workflow.

Workflows have been applied to several domains, including the telecommunications industry [12],
school administration [1], bio-informatics [7, 10], healthcare [5] and so on.
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In the last decade, the rapid increase of business process modeling and management through the
adoption of workflows, has originated the need for frameworks that can provide a formal technique
for defining and analyzing workflows. A vaste number of formal frameworks have been proposed to
allow workflow modeling verification and analysis. We emphasize some relevant tools as State and
Activity Charts [13], Graphs [2], Event-Condition-Action rules [8, 9], Petri Nets [3, 4], Temporal
Logic [6] and Markov chains [11]. However more research is required with respect to the use of
Graph Theory.

In this paper we present a formal definition of a workflow, based on Graph Theory and simple
concepts of Logic. In our approach we model workflows with tri-logic acyclic directed graphs and
develop a formalism to verify their termination. The study of the termination of workflows is based
in a specific type of Boolean matrices. This approach is completely new and allows to check easily
if a workflow logically terminates. We still show that a derived workflow has the same behavior as
the original workflow, i.e., given two workflows, if one is derived from the other, then necessarily
both workflows logically terminate.

2 Logical Termination of Workflows

In our approach we model workflows with tri-logic acyclic directed graphs. Each vertex of the graph
has an input/output logic operator. In the following definition we provide the formal structure of
a workflow.

Definition 1 A workflow is a tri-logic acyclic directed graph WG = (T, A), where T = {t1,ta,...,tn}
is a finite nonempty set of vertices representing workflow tasks. Each task t; (i.e., a vertex) has
an input logic operator (represented by > t;) and an output logic operator (represented by t; <).
An input/output logic operator can be the logical AND (e), the OR (®), or the XOR -exclusive-or-
(®). The set A = {ay,an,a1,as,...,a,} s a finite nonempty set of arcs representing workflow
transitions. Each transition a;,i € {1,...,m}, is a tuple (ty,t;) where ty, t; € T. The transition
ay, is a tuple of the form (U, t1) and transition an is a tuple of the form (t,,M). The symbols U and
M represent abstract tasks which indicate the entry and ending point of the workflow, respectively.
We use the symbol’ to reference the label of a transition, i.e., a} references transition a;, a; € A.
The elements a, are called Boolean terms and form the set A’.

Figure 1: Example of a tri-logic acyclic directed graph (i.e., a workflow)

Definition 2 Let t; € T. The incoming/outgoing condition for task t; is a Boolean expression
ay, pag, @...pay ,p € {8,®, O}, where ay_,a ,...,a, € A, and ay,,ay,,...,ax, are the incom-
ing/outgoing transitions of task t;. The terms a;ﬁ,a}cz,..., a;q are connected with the logical
operator = t; /t; < .
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Remark 3 When task t; has only one incoming/outgoing transition we can assume that the con-
dition does not have logical operator.

Example 4 In Figure 1 is shown a workflow WG = (T,A), where T = {t1, ta, t3, ta, ts,
tg,t7,t8,t9,t1()}, A = {au, arm, a1, a2, as, a4, a5, ag, Ay, ag,a9,a1p,A11, alg} and AI = {(l/u,
anh, a, dy, ay, ay, ak, ag, as, al,ay,aly, alq,ais}t. The tuple as = (ta,t3) is an example of a
transition. In task t1g, the input logic operator (= t19) is an AND (e); in task to the output logic
operator (t2 <) is an OR (®).

The incoming transition for task ts is a1 = (t1,t2) and the outgoing transitions are as = (to,t3)
and az = (t27t4).

The incoming condition of task ta is ay, and its outgoing condition is ay ® aj.

Definition 5 Let WG = (T, A) be a workflow and let t; € T. An Event-Action (EA) model for
task t; is an implication of the form t; : fgp ~~ fc, where fp and fc are the incoming and outgoing
conditions of task t;, respectively, whose Boolean values are described according to Table 1. The
condition fg is called the event condition and the condition fc is called the action condition.

Table 1: Behavior of an £ A model

fe | fc | fe~ fc
0 0
1 1 1

Definition 6 Let WG = (T, A) be a workflow and let t; : fg ~ fc be an EA model. We say that
the EA model is positive if its value is 1, otherwise we say that the model is negative.

A workflow starts its execution when transition a, is enabled. A transition is enabled/disabled if
the respective Boolean term is asserted to be true/false. Hence, the workflow starts its execution
by asserting a, to be true.

On the other hand, a workflow is a set of EA models, i.e., a set of tasks and transitions. The
tasks can be considered as atomic pieces of the workflow, since they generate all transitions and,
consequently, all £A models present in the workflow.

Given an EA model, it is clear that the value of the incoming condition is propagated to the
outgoing condition. More generally, the value of each EA model is propagated to the following
E A models connected to it. We need to exploit how this propagation affects the execution of the
workflow. We start by defining the behavior of the workflow.

Definition 7 Let WG = (T, A) be a workflow. The behavior of WG is described by its EA models,
according to the following rules:

(1) The workflow starts its execution by asserting a/, to be true.

(2) For every t; : fr, ~ fc,, i € {2,...,n}, the Boolean values of fgr, and fc, will be asserted
according to Table 1.

(3) The workflow stops its execution when one of the following cases occur:

(3.1) af; is asserted to be true.

(3.2) af, is asserted to be false.

One important structural property of workflows is its logical termination. It is important to know

if a business process will be finished at runtime. For example, it is important to know if a loan
application will be complete. Next, we introduce the concept of logical termination.
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Definition 8 Let WG = (T, A) be a workflow. We say that WG logically terminates if al, is true
whenever a/ | is true.

To carry out an exhaustive characterization of workflows we will focus our study on the £ A models.
We start by considering two different types of FA models.

Definition 9 Let WG = (T, A) be a workflow. Let t; : fg ~ fc be an EA model. The EA model
is said to be simple if fp = a; and fo = aj, j,l € {U,1,1,...,m}, with j # l. Otherwise, we say
that the EA model is non-simple.

Example 10 In Figure 1 the EA model t3 : afy ~ a}y is a simple EA model, while the EA models
to :a) ~ ah ®ak and ty : ag @ aly ~ aiy are non-simple EA models.

Remark 11 Note that if t; : fg ~ fc is a non-simple EA model, then it has one of the following
forms:

(a) fr =a} pa’ o...pd; o€ {0,® @} and fc = aj;

(b) [E = a}; and fc = aj paj,p...0a; ,0 € {o,®,0};

(c) fr = daj pa),p...0d% ,p € {8,®,&} and fo = aj Yay,P...Ya; ,p € {o,@,D}.

Definition 12 In conditions of Remark 11 the EA models with the forms (a) and (b) are called
complez, while the EA models with the form (c) are said to be hybrid.

Remark 13 If all EA models of the workflow are simple, then its structure is the following:
U2t Dty 22t ity 2 ¢, 20,

In this case, the set of non-simple EA models is empty. This situation is a trivial case of logical
termination, since all the EA models present in the workflow are positive, and consequently, al is
true whenever a/, is true, i.e., the workflow logically terminates.

From now on, we will assume that the workflow contains non-simple EA models.

Definition 14 Let WG = (T, A) be a workflow. A materialized worflow instance of WG is an
assignment of Boolean values to all Boolean terms a; € A', according to Table 1.

Notation 15 Let N = {i € {1,...,n}|t; : fg, ~ fc, is a non-simple EA model}.

Definition 16 Assume that N = {i1,i2,...,4;} and the elements i1, ia,...,1 appear in increasing
order, i.e., i1 < ia < --- < 4. For any materialized workflow instance of WG, let us consider the
following Boolean matriz B = [b; ;] = diag(bi, i, big.ins - - - » biyiy) € FX1, where b, ;. is the Boolean
value of the EA model t;, : fg, ~ fc, , s €{1,2,...,1}. The matriz B is called the Event Action
Boolean matrix.

The following result provides a necessary and sufficient condition for the logical termination of
workflows.

Theorem 17 Let WG = (T, A) be a workflow and assume that N = {iy,ia,..., i1}, i1 < iz <
-« < 4;. Then, WG logically terminates if and only if one of the following conditions is satisfied:

(a) If the input logic operator of task t, (> t,) is an AND, every Event Action Boolean matrix is
equal to the identity matriz of type I x 1 (i.e., I});

(b) If the input logical operator of task t,, (= t,) is an OR, there exists at least a path of WG for
which every Event Action Boolean matriz is equal to the identity matriz of type | x 1 (i.e., I);

(¢) If the input logical operator of task t, (> t,) is a XOR, there exists one and only one path of
WG for which every Event Action Boolean matriz is equal to the identity matriz of type I x 1 (i.e.,
n).

© 2011 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



Logical Termination of Workflows: An Interdisciplinary Approach 157

Proof. Let N = {i € {1,...,n}|t; : fg, ~ fc, is a non-simple EA model}. Assume that
N = {iy,42,...,4;} and the elements i1, is, ..., appear in increasing order, i.e., i1 < iy < --- < 4.
Case 1. Suppose that the input logic operator of task ¢, (>~ t,) is an AND.

Let us assume that WG logically terminates, i.e., aj, is true whenever af, is true.

Let us assume, by contradiction, that there exits an Event Action Boolean matrix different from
the identity matrix of type [ x [. Then there exists at least a materialized workflow instance such
that the respective Event Action Boolean matrix differs from the identity matrix of type [ x [. This
means that there exists at least j € {i1,...,4;} such that the EA model ¢; : fg;, ~ fc, is negative.
Recall the workflow starts its execution by enabling a,,, i.e., by asserting af, to be true.

Since af, is asserted to be true, according to the behavior of the workflow fo, is true. Therefore,
J > 1. We may assume, without loss of generality, that j =i., 1 <r <. Since t;_: fg, ~ fc,
is negative, necessarily both fg, , fc, are false. So for every k > i, ty : fg, ~ fc, is negative, if
ty : fE, ~ fo, is connected to t; : fg, ~ fc, . Hence, ar is not enabled, which means that af, is
false. Clearly, this fact is a contradiction, since the workflow logically terminates. Consequently,
every Action Boolean matrix is equal to the identity matrix of type [ x .

Conversely, suppose that the workflow starts its execution, i.e., a/, is asserted to be true.
According to the hypothesis, every Event Action Boolean matrix is equal to I;.

Hence, for every materialized workflow instance of WG and for every i € N, the EA model
t; : fg, ~ fc, is positive, which means that both incoming and outgoing conditions, respectively,
fE:, fc, are true. Clearly one of the following cases must occur:

(a) n € N;

(b) n ¢ N.

Subcase 1.1. Suppose that n € N. Then according to the hypothesis the EA model ¢, : fg, ~ af
is positive. Consequently, both conditions fg, ,a are true. In particular, af; is true.

Subcase 1.2. Suppose that n ¢ N. Necessarily the FA model t, : fg, ~ aj is simple. Hence
fE, = al,. Again, one of the following situations must occur:

(a) n—1€ N;

(byn—1¢ N.

Subcase 1.2.1. Suppose that n — 1 € N. Then the FA model t,_1 : fg, , ~ a, is positive.
Therefore, both conditions fg,_,,al, are true. Since a}, is true, according to the behavior of the
workflow, af; is also true.

Subcase 1.2.2. Suppose that n — 1 ¢ N. Then the FA model ¢,_1 : fg, , ~ al, is simple.
Hence, fg, , = al,_,. Carrying out recursively this reasoning we can conclude that there exists
r € {2,...,n — 1} such that the EA model ¢, : fg, ~ fc, satisfies the following conditions:

(i) r € N;

(ii) fe, = aj, for some k € {1,...,m — 2};

(iii) For every j > 7 the EA model t; : fg, ~ fc, is a simple £A model.

Since 7 € N, then the FA model ¢, : fg, ~» fc,. is positive. Therefore, both its incoming and
outgoing conditions are true. According to the behavior of the workflow, for every j > r, the FA
model ¢; : fg, ~ fc, is positive. Hence, both conditions fg,, fc, are true. In particular, af; is
true.

Bearing in mind that in both Subcases 1.1, 1.2, we get af, asserted to be true, we can conclude
that the workflow logically terminates.

Case 2. Suppose that the input logical operator of task ¢, (> t,) is an OR.

Suppose that WG logically terminates.

Let us assume, by contradiction, that for every path of WG, there exits an Event Action Boolean
matrix different from the identity matrix of type [ x [. Using similar arguments to those used in
Case 1, we can conclude that an is not enabled, and consequently, af, is false. Clearly, this fact
is a contradiction since WG logically terminates. Hence, there exists at least a path of WG for
which every Event Action Boolean matrix is equal to the identity matrix of type [ x [.
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Conversely, suppose that WG starts its execution. According to the hypothesis there exists at
least a path of WG for which every Event Action Boolean matrix is equal to the identity matrix
of type I x I. Using similar arguments to those from Case 1, we can conclude that af, is true. This
means that WG logically terminates.

Case 3. Suppose that the input logical operator of task ¢, (> t,) is a XOR.

Suppose that WG logically terminates. And let us assume, by contradiction, that for every path
of WG, there exits an Event Action Boolean matrix different of the identity matrix of type I x [.
Again, using similar arguments to those used in Case 1, we can conclude that an is not enabled,
and consequently, aj, is false. This fact is a contradiction, since WG logically terminates. So, there
exists at least a path of WG for which every Boolean matrix is the identity matrix of type [ x I.
Bearing in mind that the input logical operator of task ¢, (> t,) is a XOR, necessarily it exists
only one path in these conditions, otherwise WG would not logically terminate.

Conversely, suppose that WG starts its execution. According to the hypothesis there exists one
and only one path of WG for which every Event Action Boolean matrix is equal to the identity
matrix of type I x [. Using again similar arguments to those from Case 1, we can conclude that af
is true, which means that WG logically terminates. m

This is a very important result, since it allows to study a very important sructural property of
workflows, their logical termination.

Example 18 The workflow from Figure 1 has the following non-simple EA models: t; : a/, ~
ajeag, ty 1 ay ~ ab®ak, ts 1 ay®@ak ~ alg, te : ag ~> abBag, to : agPaly ~> alq, tio : ajeals ~ af.
Hence N = {1,2,5,6,9,10}. We have as many FEvent Action Boolean matrices as materialized
workflow instances of WG. Notice the input logic operator of task tig is an AND. It is easy to verify
that every Fvent Action Boolean matriz is equal to the identity matriz of type 6 x 6. Therefore, the
workflow logically terminates.

In what follows we will emphasize the study of hybrid £ A models. Indeed, we will prove that every
hybrid £ A model can be split into two new complex EA models.

Theorem 19 Let WG = (T, A) be a workflow and let t; € T. Let t; : fg ~ fc be a hybrid EA
model. Then t; : fg ~ fc can be split into two compler EA models.

Proof. Let t; : fg ~ fc be a hybrid EA model. Then both incoming and outgoing conditions,
fe and fc, respectively, are Boolean terms with an AND (e), an OR (®), or a XOR (®).

Now we can create two auxiliary tasks ¢}, t7 and an auxiliary transition b; = (¢}, ¢?). Let b} be the
Boolean term associated with the auxiliary transition b; such that b} has the same Boolean value
of fg. Hence, t! : fg ~ b, and 2 : b} ~ fo are EA models.

Bearing in mind that b} has the same Boolean value of fg, and therefore, fo has its Boolean value
depending on the Boolean value of b}, when we consider these new E'A models instead of the initial
hybrid £A model, the behavior of the workflow does not modify. It is clear that the EA models
tl: fp ~ bl and t? : b} ~ fco are complex. m

Notation 20 The set of all auxiliary tasks created from T, will be denoted by T* and the set of
all auziliary transitions created from A will be denoted by A*.

Definition 21 Let WGy = (T1, A1) and WG2 = (Ts, As) be workflows. Suppose that To = Ty UTY
and As = Ay U Af. Let NH; be the set of all non-hybrid EA models of WG;,i € {1,2}. We say
that WG4 is derived from WG, or WG, derives WG4, if the following conditions are satisfied:
((1) NHl = NHQ,

(b) Every hybrid EA model of WG is split into two complex EA models of WGs.
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The next auxiliary result is an immediate consequence of the proof of Theorem 19, and allow us
to verify that a derived workflow has the same behavior as the original workflow.

Lemma 22 Let WG, = (T, A1) and WGy = (T, As) be workflows such that WGy is derived
from WG1. Then WGy and WGo have the same behavior.

Proof. Since W@y is derived from WGy, then NH; = N Hs and every hybrid EA model of WG,
is split into two complex E A models of WGs.

Since NH; = NH,, to verify that WG, and WG4 have the same behavior, it remains to verify
that when we split an hybrid EA model of WG into two derived complex E'A models of WGs,
the behavior of these new EA models coincide with the behavior of the initial hybrid £A model.
Let t; : fg ~ fc be an arbitrary hybrid EFA model of W(G;. According to the proof of Theorem 19
when we split ¢; : fg ~ fc into two complex EA models of WGa, t} : fg ~ bl and t2 : b, ~ fc,
the behavior of these new EA models coincide with the behavior of the initial hybrid £A model
from W@G,. Therefore, the behavior of WG4 coincides with the behavior of WGs. m

As a consequence of the previous results, we describe an important structural property of workflows,
by showing that given workflows, WGy, WG, such that WGs is derived from W (G, then they
have the same properties from the point of view of their logical termination, i.e., WG logically
terminates if and only if WGy logically terminates.

Theorem 23 Let WG, = (Th, A1) and WGo = (Ts, As) be workflows and assume that WG is
derived from WG1. Then, WGy logically terminates if and only if WGs logically terminates.

Proof. Since WG, is derived from WG1, according to Lemma 22 WG, and W (G5 have the same
behavior.

Suppose that WG, logically terminates and af, is asserted to be true in WGs. As WG, and WG,
have the same behavior, a, is necessarily asserted to be true in WG;. On the other hand, since
WG logically terminates, af; is asserted to be true in WG, .

Now taking again into account that WG, and W G2 have the same behavior, then af, is necessarily
asserted to be true in WGs. Hence WG4 logically terminates.

The proof of the converse is analogous. m

3 Conclusions

Workflows have been widely exploit with a significant number of formal frameworks that arose to
allow workflow modeling verification and analysis. However, more research is required, particularly
on the concern of Graph Theory and Propositional Logic.

Workflows describing critical applications, such as healthcare process, require a precise modeling,
verification and analysis to ensure that they perform according to initial specifications. To guar-
antee that workflows are sucessfully executed at runtime, it is necessary to verify their properties
at design time.

In this paper we present a formal framework, based on Graph Theory, Propositional Logic and
Boolean matrices. We also study a very important property of workflows: their logically termina-
tion. Our approach has the advantage to check very easily if a workflow logically terminates. The
contribution of our work will enable the development of a new set of tools that will support and
allow business process analysts to verify the correct design of their workflows in an early phase of
the workflow lifecycle development.

Moreover, our approach allows to reduce the study of some workflows to others. In particular, we
show that a derived workflow has the same behavior as the original workflow.
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