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Abstract: We propose a modified finite integration method (FIM) by using the Chebyshev
polynomial, to construct the first order integral matrix for solving linear differential equa-
tions in one and two dimensions. The grid points for the computation are generated by
the zeros of the Chebyshev polynomial of a certain degree. We implement our method
with several examples arose from real-world applications. In comparison with the finite
difference method and the traditional FIMs (trapezoidal and Simpson’s rules), numerical
computations show that our modified FIM using Chebyshev nodes require the less compu-
tational cost to achieve significant improvement in accuracy.
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1 Introduction

Most natural and physical phenomena such as the moving storm, the movement of lithosphere,
wave, heat, sound and electricity, etc. are well described by differential equations. When the
analytical solution of a mathematically defined problem is impossible or possible, but with time-
consuming, the numerical methods play an important role in finding good approximate solutions to
the problem. There are many numerical methods available for solving differential equations such
as finite difference method (FDM), finite element method (FEM) and boundary element method
(BEM), etc., see [1].

Recently, the finite integration method (FIM) has been developed for finding approximate
solutions to linear boundary value problems for ordinary and partial differential equations. In 2013,
Wen et al. [5] developed the FIM with ordinary linear approximation and radial basis function. In
their work, they used the integration matrix of the first order to obtain the integration matrix with
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multi-layers. In 2015, Li et al. [3] extended the FIM with ordinary linear approximation and radial
basis function to solve multi-dimensional differential equations. In 2016, Li et al. [4] improved
the FIM using three numerical quadrature formulas which are Simpson’s rule, Cotes integral, and
Lagrange interpolation. They showed that the improved FIM with Simpson’s rule and Lagrange
interpolation were highly accurate compared with the FDM.

In this paper, we modify and improve the FIM by using the orthogonal function, which is the
Chebyshev polynomial. By using the Chebyshev nodes to interpolate the approximate solution,
hiring some properties of Chebyshev polynomials, and modifying the ideas of Li et al. [3] and Wen
et al. [5], we can construct the first and higher order integral matrices for solving linear differential
equations in one and two dimensional problems. We note here on the major difference of our
method and those of Li et al. [3] and Wen et al. [5] that, by using the zeros of the Chebyshev
polynomials to generate grid points, the domain is discretized based on these nodes which gives
unequal discretization while [3] and [5] use equal discretization. Finally, we implement our modified
FIM with several numerical examples to demonstrate the accuracy of our modified FIM compare
with the FDM and the traditional FIMs proposed by Wen et al. [5] and Li et al. [4] and their
analytical solutions.

2 Modified FIM by using Chebyshev polynomials

For ease of reference, we provide the definition and some important properties of the Chebyshev
polynomial T}, (x). The properties in Lemma 2.2 will be used to construct the first and higher
order integral matrices for solving ordinary and partial differential equations (ODEs and PDEs).

Definition 2.1 ([2]) The Chebyshev polynomial of degree n > 0 is defined as
T, (x) = cos(narccosx) for x € [—1,1]. (1)

Lemma 2.2 (i) For n € N, the zeros of Chebyshev polynomial T, (x) are
2k —1
Xp = Cos [(2)71 , ke{l,2,3,...,n}. (2)
n

(ii) For p € N, the p'" order derivatives of Chebyshev T),(x) at x = +1 are

v e
—T, = (x1)Pt" .
daxp n() =41 (1) 1:[ 2k +1 ®)
(i) For n € N, the discrete orthogonality relation of T;(xy) and T;(x) is
n 0 if 1 F 7,
D Ti(xi)Tyi(zr) = n if i=j=0,
k=1 n/2 if i=34#0,

where xy, k € {1,2,3,...,n}, satisfies (2), and 0 < 7,5 < n.
(iv) Forn € N and z E —1,1], the single layer integrations of T, (z) are

:/ Hdé =z +1,
1

(" 22 1

Tiw) = [ niod =75 -3,

_ [Tl Ta@] (L
Tn(x)—/_l n<§)d£_2[n+1 ] nz_lfornzl
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(v) Let {zr}}_, be the zeros of T,,(x) and define the Chebyshev matriz T by

TO(CEl) T1($1) Tn71($1)

To(xe) Thi(we) - Tp-1(x2)
T= : : )

TO(xn) Tl(xn) e Tnfl(xn)

Then, it has the multiplicative inverse T~ = %diag(l, 2,2,..,2)T".

2.1 Modified FIM in one dimension
Let N be a positive integer and u(z) be a linear combination of the Chebyshev polynomials
To(z), T1(2), To(2), ..., Ty -1 (), that is,

u(z) = z_: enTn(x) for x € [-1,1]. (4)

Let -1 <71 < Ty <Z3 <..<Zy <1 be grid points generated by the zeros of Chebyshev
polynomial Ty (z) defined in (2). By (4), we have

u(Z1) To(z1) Ti(z1) -+ Tn-1(21) Co
u(Z2) _ To(z2) Ti(x2) -+ Tn-1(Z2) &
u@y)]  |To@Ey) TiEw) o Tva(en)] leva

which is denoted by u = Tec. Thus, the coefficients {c,})-) can be determined by ¢ = T 'u.
For k € {1,2,3,..., N}, let us consider the single layer integration of u(x) from —1 to Z, which is
denoted by U(Z). Then, we have

T N—-1 Tk N—-1 ~
Ut = [ Cu@ds= X e [ T de= Y ealim)
for k € {1,2,3,...,N} or
U(zy) To(z1) Ti(x1) -+ Tn-1(Z1) Co
U(.’EQ) _ T()(IEQ) T1 (52) e TN_l(fEQ) C1
Uey)) | Tow) Ti@w) - Tyoa@w)] Leva

We will denote the above equation by U = Tc = TT 'u = Au, where we have let A = TT ™!,
The matrix A = TT ! := [aki|Nx N 1s called the first order integral matriz for our modified FIM
in one dimension.

By using the idea of Wen et al. [5] and Li et al. [4], we can calculate the m-layer integration,

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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U™ (z},), of u(z) from —1 to 7, by

Tk &2
U(m>(fk):/ / w(Er) déy ... dén,

-1 1
N N

Z cee Zakim . ailju(i“j)
Jj=1

im=1
N
Z aggb)u(ii),
i=1
(m)

whose matrix form can be expressed as U™ = A(™y = A™uy, ay;  is the i*" element in row k
of A™ and U™ = [UM)(z,),U™)(z5), U™ (z5),...,U™ (zx)]T. The matrix A™ is called the
m order integral matriz for our modified FIM in one dimension.

2.2 Modified FIM in two dimension

Let ©Q = [a,b] X [¢,d], where a < b and ¢ < d are real. To use our proposed method over 2, we
first transform  into Q = [~1,1] x [-1,1]. The Chebyshev nodes defined in (2) will be used to
discretize with N7 x Na-point discretization, where N7 and Ns are the total number of horizontal
and vertical discretization points, respectively.

For computational convenience, we index the numbering of grid points along the z-direction
by the global numbering system (Figure 1a) and grid points along the y-direction by the local
numbering system (Figure 1b).

. ) . . ] * . . .
(Np—DN1+H1 (Np—1N142 (Ng—DNp 43 |- NN, 2N, 3N, |- NN
e . ° . o ) . . ]
. . * . ) . . . .
2N141 2N 42 2N 43 .. N, Nat3  2No4+3 1. (Ni—DN+3
L] ° . . . ] . . °
Nit+l N2 N3 .- 2Ny N2+2  2N242 1. (N1—1)N2+2
. . ° . ) ) * . .
1 2 3 g N, N>+1 2No+1 P (N-l—l).'\"z—'—l
(a) Global numbering system (b) Local numbering system

Figure 1: The indices of the grid points globally and locally

Let -1 <Z; <22 <...<Zn, <land -1 < ¢ < P2 < ... <Yn, <1 be grid points along the
x- and y-directions, respectively, that are generated by the zeros of Chebyshev polynomials T,
and Ty, as defined in (2).

Let Uy (z,y) and Uy(z, y) be the single layer integrations with respect to the variables x and y,
respectively. Then, for each fixed s, we have U, (T, §s) in the global numbering system as

T Ny
Uw(i'k’ gs) = / U(§7g5) df = Zakiu(jivgb'% (5)
=1

-1
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for k € {1,2,3,..., N1} or Up(-,7s) = Au(-,7s), where A = TT ! with size N; x N;. Thus, for
se{1,2,3,..,Na},

U 51) A0 0 T g)
Ux(’ng) 0 A u('ng)
o : . .0 a
U, (-, Un,) 0 -~ 0 Al uton,)
N> blocks

or U, = A u. The matrix A, is called the first order integral matriz with respect to x for our
midified FIM in two dimension.
Similarly, for each fixed Zy, U, (Zx,¥s) can be expressed in the local numbering system as

_ Ny

s
U@ = [ ulon)dn =3 aulen. ),

1 ;

j=1

for s € {1,2,3,..., No} or U,(Zy, ) = At(Fy,-), where A = TT ! with size Ny x Ny. Thus, for
ke{l,2,3,.., N1},

Uy@)] [A 0 o O] Tag@,)
U, (Z2,-) 0 A . || u@e)
S L . (7)
R : : .. .. 0 Ni.
U, (Zn,,) o ... 0o Al [a@N,-)
N1 blocks

or ij = Ayﬁ. Let P be a transformation matrix defined by

o fm=Nix({G-1)+i [ie{l,2,3,..,N1}
’ n:N2X(2—1)+] ’ j€{1,2,3,...,N2}
0 ; otherwise.

)

Pmn =

Define Uy, := Pij and u := Pu. With the definition of P, the matrices U, and u are now in the
global numbering system. Note that, P! = PT. Therefore, the integration matrix with respect
to y in the global numbering system can be expressed as A, = PAyP_l. Thus, Uy = Ayu. The
matrix A, is called the first order integration matriz with respect to y for our modified FIM in two
dimension.

Let UQEQ) denote the double layer integration with respect to = in the global numbering system.
Let g5 be fixed, by using (5), we have

T péo Ny
U (2x,§s) = / / u(&1,s) d€1dés = Za;(j-)u(fiaﬂs)
-1/ =

for k € {1,2,3,..., N1} or UP (., 5,) = A%u(-,5,). Thus, for s € {1,2,3,..., No},

2
U2 (,3) AT 0 0 T gy)
UL (-, 32) o oaAr u(-, o)
: C ]
U;Q)(',gj\&) 0 0 A2 u('ayNz)
N> blocks
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which can be written in the matrix form as Ugf) = Agf)u =A’u
By using the same arguments, the double layer integration with respect to y, Uf), can be
written in the matrix form as I:T?(f)(jk, ) = A?a(Zy, ). Thus, for k € {1,2,3,..., N1},

ij)(fh ) A2 o ... 0 (71, )
07 @) | o A || @)
: : oo || ,
0, (2n,.) 0 - 0 A% [O@N.)
N1 blocks
which can be written in the matrix form as ﬁf) = A?(f)ﬁ = Ajﬁ. Then we obtain U?(f) = Aiu7

where A, = PA,P~".

Remark 2.3 For m,n € N, the double layer integration can be easily extended to the multi-layer
integration in the global numbering system, which can be represented in the matrix form as follows:

(1) the multi-layer integration with respect to the variables x only or y only is

U™ = A™u or U(ym) = Ay,

(2) the multi-layer integration with respect to the variables both = and y is
U%L’”) =A"Ajuor U;’;’m) = AJAT'y,

where A, and A, are the first order integral matrices with respect to the variables = and y,
respectively.

3 Solving linear ODEs in one dimension

. . n n—1
Consider EE(; linear ODE Lv(z) = f(z) for 2 € (a,b), where L = a, ()L + a1 (2) e +
0‘"—2(@(1(1"772 + ...+ ap(x), v is the unknown function, «;(x)’s are continuous functions, and f is a
given function. Let u be the approximate solution of v as defined in (4). The procedure for solving

linear ODEs is as follows:

Step 1. Transforming = € [a,b] into T € [—1, 1] by using the transformation z = %%‘la_b. Let
h = 2. Then, Lu(z) = f(x) for 2 € (a,b) becomes

b—a-
Lu(z) = f(z) for z € (—1,1), (8)
where L = ", (7) g +h" @1 (7) i+ 20 2(F) s o a0(2), f(2) = f(EGHE)
and @;(z) = ai(W) fori € {0,1,2,...,n}.

Step 2. Discretizing [—1, 1] into N nodes. Use the zeros of T (z) as defined in (2) to generate
the grid points {Zy HY_,.

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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Step 3. Eliminating all derivatives of (8) by taking n layers integration from —1 to Z on both
sides of (8) and use the integration by parts, we have

(L ()L ]
r rn—1 (n - 1) /E" /772 ’ udn;.. dm] d&n

o [Ee

e LS [
i=0

Zr &2 B 'fk
+[1 [1 ao(&)u(ér) dy...d&, + da n— 1)

_ /1 /i F(&1) dey...dén, (9)

where dy,ds,ds, ..., d,, are the arbitrary constants of integration.

Step 4. Transforming (9) into the matrix form by using the idea described in Section 2.1,
n - i\ Ai=(i
h Lz%(—l) <2)A aSL)u]
n—1
+hn—1A1|:Z ( )Az—S) 1u:|

n— (_1)1'(” ; 2) Aid(i) QU}

N)O

4 hn72A2 |:

i=0

+ Andéo)u + dlin—l + dgin_g + ...+ dniO = An?

n n—j
Let K=Y |h"77 % (=1)"("; J)Alﬂa() } then we have

=0 i=0

Ku =+ dlin 1 —+ dgfin 2 —+ ...+ dnf(o = Ani (10)
where A = TT !, &) = diag(al” ;(z1),a\) (z2),al ;(z3), . El)](xN))fori,j€{0,1,2,...,n},
f=[f(z1), f(T2), f(’ ), ..,f(a:N)]T,in_i = ﬁ[aff : xg ‘ xg LT ford € {1,2,3,...,n}.

Step 5. Changing the initial or boundary conditions into the vector form by using the linear
combination of Chebyshev polynomials at the boundary ends z = +1 and use (3). Let p € N, we
have

2

-1
en(£1)" = toec = to T 'u and

N-—-1
1) = Z enTp(£1) =

u®) (£1) Z cn T(p) +1)

(]

3

HMZ ¢

p—l o 2
pn n®—k* _ 1
e ()P T Sy~ te=tT

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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where
_ e T

(10 17 G Moo iy
+1)! (EDP TS0 o%
Eﬂ;? +1)Pt2 b1 i

tg = and t, = (1) [ Tizo 2k+1
il.N_l el (N—1)2—k?
(+1) (PN TR B

Suppose boundary conditions are u(+1) = by, u’(£1) = by, ...,u™ " (£1) = b,_1, which can be
represented in the vector form as

w(£1) = toT 'u = by, o/ (£1) = t; T u = by, ..., u™ DV (£1) = t,, 1T 'u=b,_;.

Note that, the left and right boundary conditions are defined by u*) (—1) = t,; T u and u*) (1) =
tkrT_lu7 where tj; and ty, are the row vector t for & € NU{0} that their elements are substituted
by —1 and 1, respectively.

Step 6. Use (10) and the boundary conditions in Step 5, including toT 'u = by, t; T 'u = by,
. tn,lT_lu = b,_1 to construct the linear system. We obtain the linear system in the matrix
form as

K Xp—1 Xp—2 -+ Xp u An?
toT ! 0 0o -~ 0 dy bo
t, T ! 0 0 - 0 dy | = | b |, (11)
tnflT_l 0 0 e 0 dn bnfl

which we denote (11) by the block matrix

roo )l

The linear system (11) can be solved by using the Schur complement method [6], which we assume
K and RK'Q are nonsingular matrices. Then we have

u=K'[z-Q(RK'Q) ' (RK'z-b)|. (12)

From (12), we have the solution u(Z) for Z € [—1,1]. To obtain the approximate solution u(z) for
z € [a,b], we use the transformation z = 1[(b— a)Z + a + b].

Example 3.1 Consider the boundary value problem

d*u
Tz T U=?® for x € (0,1),u(0) = 0,u(1) = 1.
The exact solution is u*(z) = 2;2;111(%) — x. By using the procedure described above, the problem

is transformed to

4u’" (z) — u(z) = f(z) for 7 € (0,1),u(-1) = 0,u(1) =1,

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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where f(z) = %H Taking the double layer integration on both sides of the ODE, we obtain
4u — A%u + dix, + dyxo = A*f. With the boundary conditions, we have u(—1) = to; T 'u = 0
and u(1) = to, T 'u = 1. Thus, we can construct the linear system (11) as

AI— A% | %1 %o u A’f
toT 2] 0 0 d | = 0
to,T1 |0 0 dy 1

The average relative error is shown in Table 1.

N FDM FIM(TPZ) FIM(SIM) FIM(CBS)

6 6.6245 x 104 1.3409 x 1073 1.2079 x 1073 1.0024 x 107°
8 3.5884 x 10~* 7.2209 x 10~4 3.9900 x 104 1.5034 x 10~8
10 2.2389 x 10~* 4.4944 x 1074 1.8455 x 10~4 1.3094 x 10~
12 1.5273 x 1074 3.0621 x 10~4 1.0390 x 10~* 1.4481 x 10~ 14
14 1.1075 x 1074 2.2189 x 1074 6.6077 x 10~° 8.5544 x 10710

Table 1: Average relative error for Example 3.1

Example 3.2 Consider the boundary value problem

d? d?

d—;; +x2ﬂz —u = e"(2® 4+ 22% + 3) for x € (1,3),
and u(1) = e, u(3) = 3e3,4/(1) = 2e. The exact solution is u*(z) = e* ™11, By using our procedure,
the problem is transformed to

u"(Z) + au(Z) — w(@) = f(Z),u(-1) = e,u(l) = 33,4/ (—1) = 2e,

where &(7) = (Z +2)? and f(z) = e"T2[(z +2)3 4+ 2(Z +2)? + 3]. The transformed problem can be
written in the matrix form as Ku+ d1Xs + doX1 + d3Xg = A?’f', where K = I+ Aa® —2A2%2aM +
A*a® — A®. With the boundary conditions, u(—1) = te; T 'u = e, u(1) = to, T 'u = 3¢* and
u'(—1) = t;; T 'u = 2e. We obtain the linear system

K |[% % Xo u A’f
toT T[]0 0 0 di | | e
to, T2 0 0 0 dy | — | 3€3
tyT™'] 0 0 0 ds 2¢

The average relative error as shown in Table 2.
Example 3.3 Consider the boundary value problem in [4]

d*u

T TU= 1 for x € (0,1),u(0) = u(1) =" (0) = u"(1) = 0.

The exact solution is
AT sin[(2n — 1)7a]
Wiz =2 n; @n—1)[@n—1)* +1]°

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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N FDM FIM(TPZ) FIM(SIM) FIM(CBS)

6 1.7380 x 101 5.4341 x 1072 2.3800 x 10~3 1.4554 x 1073
8 1.2701 x 101 2.9003 x 10~2 9.0303 x 1073 1.8353 x 107
10 9.4335 x 1072 1.8015 x 102 4.2053 x 1073 1.0181 x 107
12 7.1429 x 1072 1.2272 x 1073 2.2325 x 1073 3.3192 x 1010
14 5.5446 x 1072 8.8953 x 1073 1.3012 x 1074 7.5743 x 10~13

Table 2: Average relative error for Example 3.2

By using our procedure, the problem is transformed to
16u (z) + u(z) = 1,u(~1) = u(1) = u"(=1) = u"(1) = 0.

By taking four layer integration on both sides of the ODE, we obtain 16u + A'u 4 diXs + doXs +
dsx1 + dyXo = A*xo. With the boundary conditions, u(—1) = to T tu=0, u(l) = to, T lu=0,
u"(—1) =ty T 'u=0 and u”(1) = t2, T~ "u = 0. We have the linear system

I6I+A" [x3 X3 %1 % ][ u A’z
toT T [0 0 0 0 dq 0
to, T [0 0 0 0 do | = 0
tyT2 |0 0 0 0 ds 0
to, TV [0 0 0 0 dy 0

The Table 3 shows the average absolute error for Example 3.3.

N FDM FIM(TPZ) FIM(SIM) FIM(CBS)

6 2.1523 x 10~* 4.3201 x 1074 1.3239 x 1074 7.7252 x 10~°
8 1.1775 x 10~4 2.3594 x 10~* 4.0609 x 105 2.4808 x 1077
10 7.3896 x 107° 1.4796 x 10~4 1.6204 x 107 5.0072 x 10~
12 5.0600 x 10~° 1.0128 x 1074 7.6577 x 1076 4.4890 x 10713
14 3.6790 x 10~° 7.3618 x 10~° 4.0681 x 1076 7.2176 x 10~ 14

Table 3: Average absolute error for Example 3.3

Figure 2 shows the numerical solutions u of Examples 3.1 - 3.3 by our modified FIM compared
with the analytical solutions.

4 Solving Linear PDESs in two dimension

Let Q = [a, b] X [C, d] and consider the linear PDE
—32 - —:u +ago 25 +aug s +agu =B, (z,y) €Q
(6% (0% o « « gl = X
1 1'2 2 y2 3 2y 4 x 5 y 6 ) Y )

under boundary condition u(x,y) = w, (z,y) € 99Q, where a1, as, a3, a4, as, ag, § and w are
given functions of z and y. The procedure is given as follows:

© 2018 European Society of Computational Methods in Sciences and Engineering (ESCMSE)
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(a) Example 3.1 (b) Example 3.2 (c) Example 3.3

Figure 2: The graphs of solutions in Examples 3.1-3.3

Step 1. Transforming Q = [a,b] X [c, d) into @ = [-1,1] x [-1,1] by using z = 22=2=b and
g=279 Tet h= ;2 and k =

—a

. Then, we have
0%u 82 0%u ou ou
2 25
hoq—az—!-k’ 82—|—hkagaa —|—ho<4a —|—k’oc5ay

for (Z,7) € Q, under boundary condition u(z,y) = @, (z,7) € OQ.

+ agu = B (13)

Step 2. Discretizing [~1,1] x [~1,1] into Ny x Ny nodes. Let {Z1}", and {7:}22, be the grid
points generated by (2) along x and y directions, respectively, that are

2k — D)

T = COS |:(2]\71):| , ke {1,2737...,]\[1}7
2s — )m

Js = COS {(2]\]2)} , s€41,2,3,..., Ny}

Then, the number of total grid points in the global system is M = N; x Ns.

Step 3. Eliminating all derivatives of (13) by taking four layer integration, which integrates twice
over both x and y, and use integration by parts, we have

. Ys 72 Ty T pé2
h? / aju — 2/ argudés + / / Q1 zzU d§1d52:| dmdns
-1J-1 L -1 -1 J-1
. Tk &2 Us s 72
+ k2 / / [azu - 2/ azgudng + / / Q255U d771d772] d&1dés
. _1%5 _%k r 2 - N2 UPEES
+ hk/ / 0_13U7/ Ofgiu dfl 7\/ Olgyu d771 +/ / Oégzyu d§1d771:| d£2d772
. 37:1 7721 [Tk - &2 -
w7 [aw - [ s d&] déadnydny
-1J-1J41 -1
[Ys rTe 2 N2
+ k/ / / {%U - / Asgu dﬁl} d&1d&adnp
-1

&2
/ / / G déydéadnydis + T fo(Gs) + f1(Ts) + Tago(Tn) + 01 (T1)

:/; /_n1 /_1 _1Bd§1d£2dnldn2, (14)
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12 R. Boonklurb, A. Duangpan and T. Treeyaprasert

where fo(¥s), f1(¥s), 9o(Zx) and ¢1(Zx) are the arbitrary functions of integration assumed to be
approximated by Chebyshev interpolating polynomials,

Pi—1 Py—1
Z o Ty(@) and fo(5) = Y [17T5(55) (15)
7j=0

for r € {0,1}, where g(()r),ggr),gér),. 79531 , and f(T) fl(r)7 2(T)7..., (r) ', are the unknown values

of these interpolated points. Note that, the number of these values (2P1 + 2P,) should be equal
to the number of boundary points (2/N7 + 2N3) in order that a linear system is solvable. Thus, we
select P = N7 and P, = Ns.

Step 4. Transforming (14) into the matrix form by using the idea described in Section 2.2, which
the index is arranged in the global numbering system as
iLQAz(dlu —2A az;u+ Aidlﬁu)

+ ];ZQAi (dgu — QAydggu + Aidgggu)

+ hkA LAy (Gsu— Aazzu— Ayasyu+ Ay Ay disgpu)

+ fLAwAf/(c_mu — A dyzu) + l;:AiAy(c_xg)u — Ayas,u)

+AZA agu + XBfy + B,f + Y,8, + Bog, = AJAYS.
Let K = h2A} (a1 —2A, 001 + A2 00 5;) 52 A2 (G2 —2A oy + Al Gngy) +hEAL A (B3 — Ay iz, —
Aycisy + AgAyOisgy) + hALAL (0 — Aydis;) + kAZA (& — Ayoisy) + AZA2a. Then, we have

Ku+ X®,f, + ®,f1 + Y®,g, + $.g, = AJA2S, (16)

where g, = [g(() ),gir),. ,gg) JT and £, = | ér),fl(r),..., g)fl]T for r € {0,1}, A, and A, as
defined in (6) and (7). The matrices X and Y are defined by

Xg O 0 z1 O 0
X = 0 Xo when X, = 0 T2 )
0 : 0
0 0 Xy 0 0 TN,
N3 blocks
Y, 0 0 s 0 0
Y = 0 Y when Y, = 0 % )
& 0 0
0 0 Yy, 0 0
N1 X N1

for s € {1,2,3,..., Na}.
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Let (Zm, Im) = Xmm, Ymm) for m € {1,2,3, ..., M}, where X,,,,, and Y ,,,,, are the entries in the
m™ row and m™ column of matrices X and Y, respectively. For i € {1,2,3,4,5,6},

u= [u(il’ :gl)? u(i‘Qa Q2)7 u(i‘?n Q3)7 sy u(i‘Ma Z)M)]T7
B = [B(:i'la gl)v B(i'% QQ)& B(‘il’n g3)7 ,B(:%Ma QM)]Tv
[@i(Z1,71) 0 0
&; = 0 ai(x27y2) ,
' 0
L 0 0 O_él(:%M7yAM) MxM
roa;
T|(il,?§1) 0 0
oa;
a;. = 0 5. 1(22,92)
0
oa;
L 0 0 T|(f7M,?)M) MxM
From (15), we obtain ®, and ®,, where
[ To(21) Ti(21) Tp,—1(&1)
To(Z2) Ti(22) Tp,—1(%2)
(I’ac = )
| To(@nm) Ti(@wm) Tp,—1(Znm)] pyp,
[ To(91)  Th(ih) Tp,—1(71)
To(92)  Ti(92) Tp,-1(92)
B, = ,
To(gar)  T1(9nr) Tp,—1(Im)] prp,

Step 5. The boundary conditions are taken care as follows:

e For the left boundary condition, by letting u(—1,7) = @;(y), we have

N;—1
u(fLys) = Z CnTn(fl) =tic= tlTilu('ags) = ‘Dl(gs)
n=0

for s € {1,2,3,..., Na} or

-1
t,T 0 0 u(-, 71) @ (i)
0 Tt . : u(-,72) _ @1 (72)
: - ) 0 3 o
0 e 0 tT! u(-, Jn,) wi(Yns)
Nox M

which we denote it by Tju = @;, where T~! has size Ny x Ny and t; = [1,—1,1, —1,..., (—=1)M~1].
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e For the right boundary condition, by letting u(1,y) = @,.(g), we have

N;—1
u(lvgs) = Z CnTn(]-) =t,c= trT_lu('vgs) = wr(gs)
n=0
for s € {1,2,3,..., Na} or
—1
& 0 0 u(-, 1) @ (71)
0 trT_l u('ng) . wr(gQ)
: 0 - o
0 0 trT71 u(.’yNQ) wr(yN2)
NZXM

which we denote it by T,u = @,, where T™! has size N; x Ny and t, = [1,1,1,.... (1)M~1].

e For the bottom boundary condition, by letting u(Z, —1) = @,(Z), we have

Ny—1
w(@h, —1) = Y enTu(—1) =ty = t, T~ (T, -) = @3 (T)
n=0

for k € {1,2,3,..., N1} or

—1 o - -
T 0 0 T e @)
0 T - : (72, ) wp(Z2)
: . 0 ) 7' e
0 0 th_l u(ierv') wb(le)
NixM

which we denote it by Tyu = w; or TbP_lu = Wy, where T~ ! has size Ny x Ny and

ty = [1,—1,1,—1,...,(—=1)M="1].

e For the top boundary condition, by letting u(z, 1) = @, (z), we have
Ny—1
’U’(‘,Ekh 1) = Z chn(l) = tuc = tuT_lﬁ(fE}m ) = @u(i'k)
n=0
for k € {1,2,3,..., N1} or
~1
tuT 0 0 u(z1,-) wu(Z1)
0 t, T . : a(zz, ) w0y (T2)
: .. 0 . _S _
0 0 t,T°! u(@n ;) @u(Zny)
Ny x M

which we denote it by T,u = w, or T,P 'u = Wy, where T~! has size N3 x Ny and

ty, = [17 ]-7 ]-7 ) (1)N271]‘
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Thus, all the boundary conditions can be represented in the matrix forms as follows: T)u = @,
T,u=o,, T,P lu=a, and T,P 'u=ao,.

Step 6. We obtain the linear system from (16) and boundary conditions in Step 5, i.e.,

K |x®, & Y&, &, u A2A23
iy

T, 0 0 --- 0 £ 51

T. o o - 0 £ l=| o |, (17)

T,P* : : : o Wh

TP 1| 0 0 - 0 3 Wy

which we denote the block matrix (17) by

K Q u| | z

R O v| | w |’
By using the Schur complement method [6], and assuming that K and RK ' Q are the nonsingular
matrices, we obtain the solution

u=K"'[z-QRK'Q) ' (RK 'z-w)|. (18)

The solution u in (18) is the solution on [—1,1] x [—1,1]. The approximate solution on [a, b] X [¢, d]

is then obtained by using the transformations x = 1[(b— a)Z +a +b] and y = £[(d — ¢)j + ¢ + d].

Example 4.1 Consider the boundary value problem

0? 0?
P + s = 7+ y) cos(mo) cos(my). (z.1) €
u(z,y) =0, (x,y) € 09,
where Q = [3, 3] x [$, 3]. The exact solution is u*(x,y) = cos(mz) cos(ry). By using the transfor-
mations & = 2x — 2 and § = 2y — 2, the problem is transformed to
- Pu P o,
4041(1') o2 + 40[2@)87@2 = B(xvy)v (Z’,y) € Qv
u(z,y) =0, (z,y) € 09,

where &1 () = 3(2-+2), 2(7) = 3(5+2) and B(z,7) = ~n2[(%42)+(22)] coslm(Z52)] cosfr(Z£2)]
Integrating the PDE twice with respect to x and twice with respect to y and use integration by
parts, the resulting equation can be written in the matrix form as Ku+X®,f, + ®,f; + Y®,g,+
®,g, = AiAZ,& where K = 4AZ(6¢1 —2A,00z) + 4Ai(d2 —2A, a2 5). From the boundary
conditions, we have T;u = 0, T,u =0, TbP_lu =0 and TuP_lu = 0. Thus, we can construct
the linear system

K |X®, & Y&, &, u A2A23
T, 0 0 - 0 £ o
T, 0 0 - 0 £, | = 0
’I‘bl:)_1 8o 0
T.P'| 0 0 - 0 g1 0

The average absolute error for Ny = No = N is shown in Table 4.
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N FDM FIM(TPZ) FIM(SIM) FIM(CBS)
6 1.9867 x 1072 1.4999 x 1072 2.2911 x 1073 4.6171 x 1074
9.0409 x 1073 8.6390 x 1073 2.7489 x 1073 5.1774 x 10~6
10 5.1341 x 1073 5.5835 x 1073 3.4172 x 1074 3.5373 x 1078
12 3.3016 x 1073 3.8971 x 1073 2.6421 x 10~* 1.6518 x 10710

Table 4: Average absolute error for Example 4.1

Example 4.2 Consider the boundary value problem

0%u  0%u

@+8—y2:xey, O<z<2, O0<y<l,
u(0,y) =0, u(2,y)=2¢" 0<y<l,
u(z,0) =z, u(r,1)=cx, 0<z<2.

The exact solution is u*(x,y) = xe¥. By using the transformations T =2 — 1 and § = 2y — 1, the
problem is transformed to

Pu 0w 5, _ _

ﬁ+48—g225(x,y), —l<z<l, —1<yg<l,
U(—l,g) = (Dl(g)v u(lag) = (D'r‘(g)v -1 < y ]-7
u(fvil) = (-‘_)b(j)a u(g_j7 1) = (Du(j), -1l<z<l,

where @;(7) = 0, @ (7) = 2e20D  Gy(2) = T4 1, @4(Z) = e(z + 1) and B(z,§) = (T + 1)ez @D,
Integrating the PDE twice with respect to x and twice with respect to y, the resulting equation
can be written in the matrix form as Ku + X®,fy + ®,f; + Y®,g, + ®,.8, = AiAiB, where
K = Az + 4Ai. From the boundary conditions, they can be represented in the matrix forms as
Tiu = &, T,u = &,, TbP_lu = @y and TUP_lu = @y. Thus, we can construct the linear
system in the matrix form as

K |X®, & Y&, &, u A2A23
T, 0 0 - 0 £ o
T, 0 0 - 0 £ | = @,

T,P! : : . : 8o Wp
T™P' 0 0 - 0 81 Wy

The average relative error for Ny = Ny = N is shown in Table 5.

Example 4.3 Consider the following boundary value problem

0? 0? 0?
xa;; (sin” ) 8;; + (cos? x)Wgy =cos(2z), 0<zr <1l 0<y<2
Y Y
U(07y):7, u(l,y)zj—i—y—i—L 0<y<2
u(z,0) =z, u(z,2)=3z+2, 0<zx<1
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N FDM FIM(TPZ) FIM(SIM) FIM(CBS)

6 2.8602 x 10~* 3.3388 x 1074 4.4469 x 104 5.3868 x 1077
1.3862 x 10~* 1.8631 x 1074 6.7100 x 10~° 6.4465 x 10710

10 8.1203 x 10~° 1.1861 x 104 7.2075 x 10~6 6.2452 x 10~ 13

12 5.3180 x 10~° 8.2024 x 10~° 7.2539 x 1076 8.8210 x 10~13

Table 5: Average relative error for Example 4.2

The exact solution is u*(x,y) = z+zy+ % By using the transformations z = 2z—1land g = y—1,
the problem is transformed to

02 w0 5 -
4a18.f2 a267g2 + 20‘3% - 5(‘ray)v (xvy) € Qv

where 0(z) = 242, ap(2) = sin® (£52), ay(2) = cos?(542), an(y) = T o, (5) = T g

= = 3Z+T and B(z,9) = cos(Z + 1). Integrating the PDE twice with respect
to x and twice with respect to y, and use integration by parts, the resulting equation can be
written in the matrix form as Ku + X®,f, + ®,f; + Y®,g, + .8, = AJA’SB, where K =
4A§(d1 —2A,00 ) — Aidg +2A,A (a3 + Ayds 7). From the boundary conditions, we have
Tiu = @, T,u = @,, T,P 'u = @, and T,P 'u = @,. Thus, we can construct the linear
system in the matrix form as

K |[X® & Y& &, 774 A2A23
z iy
T, | 0 0 - 0 £ =
T, 0 0 - 0 P
TP~ : : : g0 wp
Tupil 0 0 0 g1 Wy

The average relative error for Ny = No = N is shown in Table 6.

N FDM FIM(TPZ) FIM(SIM) FIM(CBS)
6 5.9331 x 1072 1.8396 x 1073 5.5449 x 1073 3.0205 x 1076
3.7332 x 1072 7.5380 x 10~* 1.0807 x 1073 1.5466 x 10~7
10 1.4812 x 1073 7.0405 x 10~* 7.4709 x 1074 8.7490 x 10~
12 7.7338 x 1073 4.4175 x 104 2.5193 x 104 4.5580 x 1012

Table 6: Average relative error for Example 4.3

Figure 3 shows the graphs of the numerical solutions of Examples 4.1-4.3 with 20-node dis-

cretization along x and y axes.

modified FIM compared with their analytical solutions are shown in Figure 4.

The numerical solutions u of Examples 4.1-4.3 by using our
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(a) Example 4.1 (b) Example 4.2 (c) Example 4.3

Figure 3: The solution surfaces of Examples 4.1-4.3
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(a) Example 4.1 (b) Example 4.2 (¢) Example 4.3

Figure 4: The solution at each node in Examples 4.1-4.3

5 Conclusion and Discussion

In this paper, we modify the traditional FIM. Instead of using trapezoidal or Simpson’s rules as
the numerical quadratures, we use the Chebyshev polynomial and its properties to construct the
integral matrices of any order. By these integral matrices, we can devise procedures for solving
linear ODEs and PDEs of any order. Several numerical examples show that our modified FIM
significantly improves those traditional FIM in terms of accuracy with a comparatively small
amount of grid points. One may see that when we compare our modified FIM with the FDM,
under the same number of nodes, our modified FIM gives higher accuracy. This method engages
in using larger matrix dimension to solve the systems of the linear equations. However, in order to
obtain the same average absolute error, one can see from Table 7 that the FDM needs a lot more

nodes. Because of this, the matrix dimension of linear system of FDM is much larger than our
modified FIM.

In our future work, we will apply our modified FIM to find numerical solutions for nonlinear
problems, time-dependent problems and fractional derivative problems.
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Examples Average Relative Error Dimension of Matrix Involved

FIM(CBS) FDM

3.1 5.0 x 1079 9 62

3.2 5.0 x 1073 9 93

3.3 5.0 x 1076 11 36

4.1 5.0 x 1074 60 676

4.2 5.0 x 1076 52 1156

4.3 5.0 x 107° 52 2916

Table 7: Dimension of matrix involved when considering the same accuracy
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