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Abstract: The problem of numerical analysis of a nanoelectromechanical system, whose
mathematical model is the first boundary value problem for a nonlinear one-dimensional
elliptic equation, has been considered. An algorithm for obtaining two-sided approxima-
tions to a unique positive solution of the problem has been constructed using the method of
successive approximations. The work of the proposed method is demonstrated by a series
of computational experiments.
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1 Introduction

The constant desire to expand functionality while minimizing power consumption further reduces a
device size. Modern research of microsystem engineering is focused on the creation and application
of various mathematical modeling methods to describe mechanical, electromagnetic, optical and
other properties. Microelectromechanical systems are widely used in medicine, aviation, automo-
tive industry, robotics, communications, nuclear power industry, etc. [1]. The microsystem engi-
neering application for various fields of physics has led to the development of microelectromechan-
ical (MEMS), microoptoelectromechanical, microacoustoelectromechanical and other systems [14].

The main methods of getting a solution for the most accurate and sophisticated models are
numerical methods that require a large amount of computing. These methods provide good quan-
titative and even qualitative results for model description. However, they have drawbacks, since
the error of the numerical solutions obtained cannot always be estimated. Numerical methods
that give an iterative sequence with two-sided convergence are free from this drawback [13,17–19].
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This allows a posteriori estimation of the approximation error at each step of the iterative process.
To investigate the boundary value problem that models the electrostatic microelectromechanical
system, two-sided methods were applied in the following works [7–9]. This article continues the
research started there.

2 Formulation of the problem

One of the most common types of MEMS activation is an electrostatic actuator that utilizes the
force of attraction between electrodes with different charges. The principle of electrostatic MEMS
operation is to convert electrical energy to mechanical work, which leads to the action specified by
the control signal. When the voltage supplied to the electrode exceeds the critical value, the system
loses a stationary configuration that preserves the structure of the MEMS mechanical components.
This pull-in instability effect is a characteristic feature of electrostatic actuators. An idealized
mathematical model of electrostatic MEMS to study this possibility was first considered in [16].

The main element of electrostatic actuator MEMS is a device consisting of an elastic dielectric
membrane fixed along the boundary, located above a rigid inelastic plate that conducts current
well. The surface of the membrane is covered with a thin metal film. Due to the voltage applied
to the film, the membrane is deflected to the plate and electrode sticking can occur. The reverse
process is called the steady state of the system [4].

The miniaturization of the devices makes it necessary to take into account the Casimir forces.
These forces describe the interaction of adjacent uncharged surfaces of different materials (metals,
dielectrics, or semiconductors) and are caused by zero and thermal fluctuations in the electromag-
netic field, while fluctuation spectrum changes due to the appearance of a boundary [3,6,12]. The
presence of the Casimir forces significantly limits the miniaturization of electrostatic devices, as at
a certain critical size, the deviation instability occurs at zero voltage and the device can collapse
in the manufacturing process [2, 11].

Let us consider the problem that arises in the mathematical modeling of electrostatic nanoelec-
tromechanical systems (NEMS) [2, 11]:

−d2u

dx2
=

λ

(1− u)
2 +

µ

(1− u)
4 , x ∈ (0, l), (1)

0 < u(x) < 1, x ∈ (0, l), (2)

u(0) = u(l) = 0. (3)

Here λ is the parameter characterizing the Coulomb forces, µ is the parameter characterizing
the Casimir forces, u is the deflection value of the l-length membrane,

λ =
ε0V

2L2

2σ0hg30
, µ =

ηcπ2L2

240σ0hg50
,

σ0 is a voltage in the membrane, g0 is the distance between the two electrodes in the absence of
membrane deformation, h is the thickness of the deformed membrane, ε0 is a vacuum dielectric
constant, L is a membrane length, V is an applied voltage, η is a Planck constant, c is the speed
of light in vacuum.

3 Some facts on the theory of nonlinear operational
equations in semiordered spaces

Let us dwell on some concepts and facts from the theory of nonlinear operators in semiordered
spaces, which will be used further [10,15].
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Let B be a real Banach space and θ be a zero element of space B. A closed convex set K ⊂ B
is called a cone, if the following conditions hold:

• if u ∈ K and u ̸= θ, then γu ∈ K for any γ ≥ 0;

• if u ∈ K and u ̸= θ, then −u /∈ K.

Any cone K ⊂ B allows to enter a semiordering in space B by the rule:

u 6 w := w − u ∈ K.

The u > θ (i.e. u ∈ K) elements are called positive.
The set of elements of a semiordered space

< v,w >:= {u ∈ B : v 6 u 6 w},

u ∈< v,w >:= {u− v ∈ K ∧ w − u ∈ K},

is called a cone segment.
An important class of cones for the applications of the semiordered spaces theory in computa-

tional mathematics is represented by normal cones. A cone K can be defined normal if there exists
a number N(K) > 0, implying that θ 6 u 6 w is followed by ∥u∥ ≤ N(K) ∥w∥. In this case, it is
said that the norm is semimonotonic. If N(K) = 1, then the cone is called acute and it is said that
the norm is monotonous.

A cone K is said to be correct if any non-descending cone-bounded sequence uk, such that

u1 6 u2 6 . . . 6 uk 6 . . . 6 z0

converges with the norm. A cone K is called completely correct if every non-descending norm-
bounded sequence converges (by the norm).

Let us present the definitions of some operator classes in cone spaces.
The operator T : B → B is called positive if it leaves the cone K invariant, i.e. T (u) ∈ K for

any u ∈ K.
The operator T : B → B is called heterotone, if it allows a diagonal representation

T (u) ≡ T̂ (u, u), where the companion operator T̂ : B × B → B increases monotonically with
respect to the first argument and decreases with respect to the second one, i.e.

• if v1 6 v2, then T̂ (v1, w) 6 T̂ (v2, w) for all w ∈ B;

• if w1 6 w2, then T̂ (v, w1) > T̂ (v, w2) for all v ∈ B.

An operator T is called monotone if the condition v > w implies the next T (v) > T (w). The
monotone operator can also be called isotonic. The operator T is called antimonotone or antitone
if the condition v > w implies T (v) 6 T (w). Monotone and antimonotone operators are partial
cases of the heterotone one. The companion operator can be taken accordingly T̂ (v, w) = T (v)
and T̂ (v, w) = T (w).

A cone segment < v0, w0 > is called strongly invariant for a heterotone operator T , if

T̂ (v0, w0) > v0, T̂ (w0, v0) 6 w0. (4)

The properties and problem of constructing approximate solutions of operator equations with
a heterotone operator were considered in the works [13,15].

Then the results of [15] imply the following fact.

c⃝ 2020 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



20 O. Konchakovska, M. Sidorov

Theorem 3.1 If the cone K is normal, the operator T̂ is completely continuous, there is a strongly
invariant cone segment < v0, w0 > for the operator T , and the system T̂ (v, w) = v, T̂ (w, v) = w
has no solutions such as v ̸= w on < v0, w0 >, then an iterative process formed by the rule

vk+1 = T̂ (vk, wk), wk+1 = T̂ (wk, vk), k = 0, 1, 2, . . . , (5)

starting from a point (v0, w0), bilaterally converges to the unique on < v0, w0 > fixed point u∗ of
the operator T :

v0 6 v1 6 . . . 6 vk 6 . . . 6 u∗ 6 . . . 6 wk 6 . . . 6 w1 6 w0.

Note that a sufficient condition that the system T̂ (v, w) = v, T̂ (w, v) = w on < v0, w0 > has
no such solutions, for which v ̸= w is a condition [5] of existence such α ∈ (0; 1) that∥∥∥T̂ (v, w)− T̂ (w, v)

∥∥∥ ≤ α ∥v − w∥ for all v, w ∈< v0, w0 > . (6)

4 Method of numerical analysis of a nonlinear
boundary value problem modeling a NEMS

Let us construct two-sided approximations to a positive solution of the problem (1) – (3) using the
methods of the nonlinear operator theory in semiordered spaces.

In a Banach space C[0, l] of continuous functions, let us distinguish a cone K of nonnegative
functions. Note that this cone is normal (and even acute) [10,15].

Let us consider a nonlinear operator equation u = T (u) equivalent for the problem (1) – (3)
with

T (u)(x) =

l∫
0

G(x, s)F (s, u(s))ds, (7)

where F (x, u(x)) = λ
(1−u(x))2

+ µ
(1−u(x))4

is the right side of the equation (1),

G(x, s) =


x(l − s)

l
, 0 ≤ x ≤ s,

s(l − x)

l
, s ≤ x ≤ l,

is the Green’s function for the operator −d2u
dx2 at boundary conditions (3).

The generalized solution of the problem (1) – (3) is called the function u∗ ∈ C[0, l] that is the
solution to the equation u = T (u).

Since F (x, u) ≥ 0, if x ∈ [0, l], 0 < u < 1, and G(x, s) ≥ 0, x, s ∈ [0, l], x ̸= s, then the operator
T is positive, that is, it leaves an invariant cone K: T (K) ⊂ K.

The function F (x, u) grows monotonically over u, and hence, the operator T of the form (7) is
heterotone with the companion operator

T̂ (v, w)(x) =

l∫
0

G(x, s)

[
λ

(1− v(s))
2 +

µ

(1− v(s))
4

]
ds. (8)

It is obvious that the operators T and T̂ are completely continuous.
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In the cone K, we distinguish a strongly invariant conical segment < v0, w0 > by the conditions
(4), which for our problem take the form

l∫
0

G(x, s)

[
λ

(1− v0(s))
2 +

µ

(1− v0(s))
4

]
ds ≥ v0(x) for all x ∈ [0, l], (9)

l∫
0

G(x, s)

[
λ

(1− w0(s))
2 +

µ

(1− w0(s))
4

]
ds ≤ w0(x) for all x ∈ [0, l]. (10)

Let us form an iterative process according to the scheme (5):

vk+1(x) =

l∫
0

G(x, s)

[
λ

(1− vk(s))
2 +

µ

(1− vk(s))
4

]
ds, k = 0, 1, 2, . . . , (11)

wk+1(x) =

l∫
0

G(x, s)

[
λ

(1− wk(s))
2 +

µ

(1− wk(s))
4

]
ds, k = 0, 1, 2, . . . . (12)

Let us choose the initial approximations as v0 = 0, w0 = β, 0 < β < 1. Then inequality (9)
will always be satisfied, and from (10) we will get inequality to determine β

(λ(1− β)
2
+ µ)M ≤ β(1− β)

4
,

where M = max
x∈[0,l]

u0(x), u0(x) =
l∫
0

G(x, s)ds = 1
2x(l − x), M = l2

8 .

Considering the strong invariance of the constructed cone segment < v0, w0 >=< 0, β > and
the heterotonity of the operator T for which the operator T̂ is a companion one, it can be concluded
that the sequence {vk(x)} formed by scheme (11) does not decrease by cone K and the sequence
{wk(x)} formed by scheme (12), does not increase by the cone K. In addition, from the normality
of the cone K and the complete continuity of the operator T̂ , it follows that the boundaries v∗(x)
and w∗(x) exist for these sequences. Therefore, the chain of inequalities holds

0 = v0 6 v1 6 . . . 6 vk 6 . . . 6 v∗ 6 u∗ 6 w∗ 6 . . . 6 wk 6 . . . 6 w1 6 w0 = β.

Whereas, if 0 < v < β, 0 < w < β, then inequality holds

|F (x, v)− F (x,w)| ≤ L |v − w| ,

where L = 2λ
(1−β)3

+ 4µ
(1−β)5

, then we will have an estimation∥∥∥T̂ (v, w)− T̂ (w, v)
∥∥∥ ≤ α ∥v − w∥ , (13)

where denoted α = LM .
Therefore, condition (6) will be satisfied if 2λ

(1−β)3
+ 4µ

(1−β)5
< 1

M .

Also from the (13) follows a priori estimation of the approximations difference norm formed by
iterative schemes (11), (12) at the k-th iteration

∥wk − vk∥ =
∥∥∥T̂ (wk−1, vk−1)− T̂ (vk−1, wk−1)

∥∥∥ ≤

≤ α ∥wk−1 − vk−1∥ ≤ . . . ≤ αk ∥w0 − v0∥ = αkβ.

Therefore, imply the following theorem.
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Theorem 4.1 Let the inequality

(λ(1− β)
2
+ µ)M ≤ β(1− β)

4
,

has a solution β, such that β ∈ (0, 1), moreover LM < 1, where

L =
2λ

(1− β)
3 +

4µ

(1− β)
5 .

Then the cone segment < v0, w0 >=< 0, β > is strongly invariant for the heterotone operator
(7) with the companion operator (8) and iterative process (11) – (12) converges to a unique in
< v0, w0 > fixed point u∗ of the operator T , moreover inequalities are fulfilled

0 = v0 6 v1 6 . . . 6 vk 6 . . . 6 v∗ 6 u∗ 6 w∗ 6 . . . 6 wk 6 . . . 6 w1 6 w0 = β

and
∥wk − vk∥ ≤ (LM)

k
β, k = 0, 1, 2, . . . .

For the approximate solution of the problem (1) – (3), at the k-th iteration it is possible to
select the function

uk(x) =
1

2
(wk(x) + vk(x)).

Wherein for the approximation uk(x) holds an estimation

∥u∗ − uk∥ ≤ 1

2
∥wk − vk∥ ≤ 1

2
(LM)

k
β.

Then, if the accuracy ε > 0 is given, then the iterative process should be carried out until the
inequality

max
x∈[0,l]

(wk(x)− vk(x)) < 2ε

and with the accuracy ε we can assume that u∗(x) ≈ uk(x).

Let us consider the inequality 1
2 (LM)

k
β < ε. Then, to achieve accuracy ε, it is necessary to

perform k >
ln 2ε

β

lnLM iterations.

5 Numerical results

For the problem (1) – (3) the computational experiment was performed at values λ = 0.5, µ = 0.351,
iterations were performed to achieve accuracy ε = 10−4.

The Theorem 4.1 guarantees a two-sided convergence of successive approximations, if LM < 1
and the estimation of the number of iterations can be greatly overestimated, i.e. if the value LM
is close to 1. For example, for λ = 0.5 and µ = 0.351 it was found that β = 0.23326, and then
LM = 0.93958, which leads to an estimation of the number of iterations k > 113, although the
actual implementation of the computational process required to achieve accuracy ε = 10−4 only
10 iterations.

The parameter β satisfies the inequalities 0, 23326 ≤ β ≤ 0, 25447 for the selected value λ. Let
set β = 0, 23326, then α = 0, 93958 < 1. Therefore, by Theorem 4.1, the problem (1) – (3) for
λ = 0.5 has a unique positive solution, to which bilaterally successive approximations converge by
the scheme (11) – (12), if v0 = 0, w0 = β.

The graphs of the lower vk(x) and the upper wk(x) approximations to the solution of the
problem (1) – (3) at λ = 0.5, µ = 0.351 are shown in the Figure 1. The Figure 2 shows the
threshold value of a parameter µ from a parameter λ.
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Figure 1: The graphs of the lower vk(x) and upper wk(x) approximations to the solution of the
problem (1) – (3) at λ = 0.5, µ = 0.351
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Figure 2: The threshold value of a parameter µ from a parameter λ
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Dependence level lines of the norm ∥u∥ of the problem (1) – (3) solution from λ and µ are
presented in Figure 3.

Table 1 shows the value of the approximate solution norm ∥u∥C , depending on the parameter
λ (µmax is the parameter limit value for which a two-sided iterative process can be constructed, ε
is an actual error, n is the number of iterations performed).
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Figure 3: Dependence level lines of the norm ∥u∥ of the problem (1) – (3) solution from λ, µ

6 Conclusions

The possibility of constructing two-sided approximations to the solution of the first boundary value
problem for a nonlinear one-dimensional elliptic equation arising from the modeling of electrostatic
nanoelectromechanical systems is investigated, sufficient conditions for the existence of a positive
solution of the problem are obtained. For the numerical solution of the problem we propose to
apply the method of successive approximations with two-sided nature of convergence to the problem
solution, which allows constructing a convenient computational algorithm with a posteriori error
estimation at each iteration.
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Table 1: The value of the approximation norm from the parameter λ
λ µmax ∥u∥C ε n

0 0.655 0.12973 0.5 · 10−4 11
0.1 0.591 0.13565 0.9 · 10−4 10
0.2 0.529 0.14206 0.9 · 10−4 10
0.3 0.469 0.14902 0.9 · 10−4 10
0.4 0.409 0.15568 0.8 · 10−4 10
0.5 0.351 0.16289 0.8 · 10−4 10
0.6 0.295 0.17068 0.8 · 10−4 10
0.7 0.240 0.17860 0.8 · 10−4 10
0.8 0.187 0.18713 0.9 · 10−4 10
0.9 0.135 0.19581 0.8 · 10−4 10
1.0 0.086 0.20564 0.9 · 10−4 10
1.1 0.038 0.21565 0.9 · 10−4 10

1.182 0.001 0.22486 0.5 · 10−4 11

Experimental researches have allowed us to obtain the limit values of parameters λ and µ at
which exist a solution of the problem and to build the corresponding dependence of the solution
norm on the parameters.

The proposed method (in combination with the Rote method) can be extended to non-stationary
problems that modeling vibration processes in NEMS.
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