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Abstract: We analyze the different types of recursivity and their mutual relationships.
Finally, we will use the Ackermann - Peter function to prove that the p-recursivity does
not imply the primitive recursion, a fact with crucial consequences in Automata Theory.
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1 Primitive Recursion

We comment now some of Recursive Functions Theory.

As basic element, the function f. Its domain will be composed by m-uples of non-negative
integers, and its range must be n-uples of the same type of numbers. So:

FHN)T (V)

where:

N* = Nu{0}

The first distinction will be between total and partial functions, according to that the original
set coincides or not with their domain.

We can construct f, primitive recursive function, from the set of initial functions, clearly
computable, by standard operations, such as combination, composition and primitive recursion,
applied in finite number. Into the set of initial functions, we have the subsequent:

zero function C; successor function o; and projection functions, 5 (i=3).
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The recursivity can be introduced, from f and g, by:
f ((t, 0) =g (1’)

f(ma y+1):h($, Y, f(x,y))

Primitive recursive functions will be, for instance:
predecessor, mult, exp, monus, eq; their negation (—eq); the tabular functions; coc(not div)

and so on.

In the classification into the set of functions, according to more restricted conditions each time,
we have:

{initial functions} C {primitive recursive functions} C {computable functions}

Also, we know that if f is primitive recursive, then f is total.

That is:
{primitive recursive functions} C {total functions}

For instance, the initial functions. But the converse of the inclusion above is not true:

There exist computable functions no primitive recursive.

Because they are only partial, no total functions.

So is the div function (note that is very different to the previous coc). Such function is not
primitive recursive.

2 u - Recursivity

At first, it might be thought that there is coincidence between primitive recursive function and
computable total (also called p -recursive) function classes.

But this is false. There exists a famous counterezample, due to Wilhelm Ackerman: the function
A, named after him.

It is very easy to prove the existence of a p — recursive (total and computable) function,
f+ N* — N* which is not recursive primitive.

Abridged proof: Any recursive primitive function, f, can be obtained from initial functions, com-
bining, composing and by primitive recursion method, applied a finite number of times. Therefore,
f can be defined by a finite string of symbols.

Such primitive recursive functions, according to this, can be ordered by their length, and
amongst those with the same length, by lexicographic ordering. So, we reach an ordered collection:

F={fitien- ={fo: 1, f2}
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But it is possible to construct a p-recursive function such that it does not belong to F. Such
function can be:

f@)=fi(@)+1,Vie N*
Our f is total, because for each i € N*, f (i) exists.

And f is computable, because we can always find the value of f (¢). All the initial functions
are computable, and also their composition, combination or primitive recursion, taken in finite
number. By definition, it suffices to take the sucessor of f; (i) .

But the primitive recursion fails:
If f is so, then:

f = fn, for some n € N*

However, in such case:
f(n)=fn(n)
And this falls in total contradiction with its definition.

In effect, because then we have simultaneously:
fn)=fa(n)+1
and the aforementioned equality. Therefore,
fo(n) = fn(n)+1

for some n € N*.
But this implies obviously that:
0=1("

So, p-recursivity does not imply primitive recursion.

The Ackermann’s function:
A:(N*)> = N*
can be defined by three equations:
A0, y)=y+1

A(xz+1, 0)=A(x, 1)
Alz+1, y+1)=A(z, Az +1, y))

Observe that this function was not actually written in such form by Wilhelm Ackermann.
Because Ackermann took the z — fold exponentiation of x with y :
z .y

Az, g, z) =" =(z—y—2)

The last, expressed in the Conway chained arrow notation.

If z =1, we have:
Az, y, 1) = 2"
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But if z = 2, then:

the tetration of x by y. And so on.

This results a good example of pu—recursive function which is not primitive recursive. Already
conjectured by Hilbert, in his work On the Infinite. Later, Rosza Péter and Raphael Robinson
expressed A as function of two variables.

A grows extremely fast. In each step, y will decrease. Because y is increases, then x would
decrease. Each time that y reaches the value 0, = decreases. Therefore, also x must finally reach
zero. But when x decreases, it does not exist upper bound to y. We can see that:

A, y)=y+1
A, y)=y+2=2+(y+3)—-3
A2, y)=2y+3=2-(y+3)—3
A3, y)=8-2¢-3=2v13_3

Observe the formation law, according to the steps:

+ == "= ..

We can prove easily its p-recursivity (that is, computability and total character).

The proof of its total character is reached by induction on the pair of entries, lexicographically
ordered.

And A is obviously computable, because A is a total function, according to its definition.

But A fails in the primitive recursion (P R):

Proof. We can see that given:
fr(NT)" = (N
there is a 7 € N, such that for each x € (N*)",
f(x) <Alr, 34

where ¥, is the sum of all the components of x.

From this inequality, it is almost immediate. Because if A were P R, then we can define:
f=Ao(m x )

which could be also PR.

Therefore:
IreN: f(x)<Alr, x],¥x € (N*)"

Concretely, if we take:
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x=7= f(1)< Alr, 7]
But as:
f(r)={Ao(ni xn1)} (r) = A[m (1), m (7)] = Alr, 7]

we have:

Alr, 7] < Alr, 7]

And it is obviously impossible, because of the strictness of the inequality. Therefore: A is not
P R.

For the steps, we need the subsequent mathematical expressions, which can be also enunciated
as Lemmas:

Ve, x', y € N*,
AL y)=y+2, A2, y)=2y+3, y+1<A(z, y),
Az, y) <Az, y+1), Az, y+ 1) <Az +1, y), Az, y) <A(z+1, y),

Az, y) + A2, y) < A(max{z, '} +4, y), Az, y) +y < A(x+4, y)

easily provable by induction.

With the aforementioned steps, we can reach the final result:

V(N — (N9, 3r:Vx e (N9)", f(x) < A(T, Xx)

where if:
x = (r1, To, ..., Tp) = Lx =21 +To+ ... + 2,

This last result can be proved in this way:

Suppose that f is primitive recursive. Then, there will be a finite number of compositions (o),
combinations (Xx) and primitive recursion acting on initial functions. But it is possible to apply
the induction procedure on the number of such operations, N.

If we dispose of only one initial function, it can be sufficient with 7 = 0.

For instance, it would be:

f =< (null function)

In such case:
f()=¢()=0<1=A4(0,0) =A(r, 0)

Also, it can be some projection function:
f=m, with i<n
Then:
f)=mX =z <14+ T+ ...+ 2, =3x <Zx +1=A4(0, Zx) = A(7, Zx)
If f is the successor function: f = o, it suffices with 7 = 1, because:

f(x)=0(x)=x+1=A(0, x) < A(1, x) = A(7, x)
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Suppose now that we obtain f by o, x or P R, or some of them, acting k£ times on initial
functions. Also we can suppose that the Propos. is true from 0 to k — 1 of such actions. As the
output has only one component, the last operation will be or o or P R.

In the next step, we will analyze both cases, applying induction and precedent inequalities, to
obtain the proof. So, f = hog or:

fx0)=g&) fxy+1)=hxy, f(xy)

but f could never be a combination, because: f = h X g implies more than one component as
output.

First case:

Let f be composed from g and h. In general, we have m € N components for g. So:

g=g1 X g2 X ... X gm =111 g
the combination of m functions {g;}.—, .
If we apply now the induction hypothesis:

El{Nl}Zil C N:

g1 (X) < A(ZV:[7 Zx)
g2 (x) < A(N2, Ix)

Im (X) < A(Np,, Ex)

But also:
Irp € N:h(x) < A(r, Tx)

Therefore:
fx)=(hog)(x)={ho(g1xg2x ... xgm)}(x)={ho(Ilg)} (x) =
=h 9 (x), 92(x); -y gm ()] < A(70, g1 (X) + 92 (%) + .. + g (x)) =
— A7, 27,0: (X)) < A(70, A(M, ) < A(0, AM+1, 5y)) <
< A[max {ro, M}, A(max{r, M +1}, %] <

< Amax{ry, M}, Ex+1] < Amax{rg, M} +2, 3]

The referred M will be:
M = (max {Nv}:i1) +4(m—1)

And with these steps it is sufficient, because taking:

T =max{ry, M} +2

we obtain our result:
f(x)<A(r, x),Vx €(NH)"
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Second case:

Let f be defined by P R, on g and h,as expressed above. We know that g and h are obtained
through at most k combinations and/or compositions and/or P. R. Therefore:

My, M, € N* :
g(z) < A(M, B.),Vz € (N*)"
h(z) < A(Msy, .),Vz € (N*)"!
and we proceed to prove the existence of 7 € N* such that:
fxy) < AT, Ix+y)

for each pair (x, y) € (N*)".

It suffices taking:
7> max{M;, My} +4

and applying induction on y.

If y = 0, then:
fx0)<f(x0)+E=g(x) +Ik <

<AMq, )+ < A(M1 44, Ex) < A(1, Ex)

Using now the induction hypothesis, we will suppose that the inequality is true until the value
y =k, and we prove it fory =k +1:

fxE+1)=h[xk, f(x,k)]<A[My Sx+k+ f(x, k)] <
< A[My, A0, Sx+k)+ F(x, k)] < A[My, A0, Sx+k)+ A(7, Sx + k)] <rs0
< A[My, A1, Sx + k) + A(1, Sk + k)] < A[Ma, 2A(7, Sy + k) +3] =
=AM, A2, A(1, Sx + k)] < A[Ms, A(My+1, A(1, Sx +k))] =
—A[Ma+1,A(T, Sx+ k) +1] < A[My +2,A(r, Sy + k)] <
<A[r—1,A(1, Sx+k)] = A[r, S + (k+1)]

providing validity to our inequality, for any y € N*.

So, the final classification will be established:
{initial functions} C {primitive recursive functions} C

C {u — recursive functions} C {computable functions}

improving the initial sequence by the new class of functions.
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