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Abstract: Low-rank square-root Kalman filters were developed for the efficient estimation
of the state of high dimensional dynamical systems. These filters avoid the huge computa-
tional burden of the Kalman filter by approximating the filter’s error covariance matrices
by low-rank matrices. Accounting for model errors with these filters would cancel the ben-
efits of the low-rank approximation as the insertion of the model error covariance matrix
in the filter’s equations increases the rank of the filter’s covariance matrices by the rank
of the model error after every forecast step, making the filter’s computation cost again
prohibitive. This papers discusses this problem and presents several approaches to allow
the numerical implementation of an advanced low-rank ensemble Kalman filter with high
dimensional imperfect models. Numerical experiments were carried out to assess the rele-
vance of these approaches with a realistic general circulation ocean model of the tropical
Pacific Ocean.
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1 Introduction

Estimating the state of the atmosphere and the ocean is one of the major challenges in modern
science. Two main sources of information can be used for this purpose: numerical models based
on physical laws, and observations. A numerical model is by definition an approximation of a real
dynamical system, and although atmospheric and oceanic models continue to improve, different
sources of errors, related to modeling approximations and /or uncertainties in the model parameters,
cannot be avoided. This leads very often to important differences between models solutions and
reality. Similarly, atmospheric and oceanic observations are very scattered in space and time,
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and therefore are not enough to obtain a clear picture of the state of these systems. It is know
recognized that the framework of data assimilation, which efficiently combines dynamical models
and observations to make the best estimate of the state of a dynamical system, provides the most
promising way to accomplish this task [8]. Potentially, the Kalman filter is one of the most relevant
data assimilation schemes since it recursively generates the optimal estimate, in the least-square
sense, of the state of a Gaussian linear system given a set of measurements [11]. The filter is further
very powerful in several aspects: it supports estimations of past, present, and even future system
states, and it can do so even when the model and the measurements are noisy.

However, dynamical models describing the state of the atmosphere and the ocean are highly
nonlinear, and moreover their dimensions are huge (= 107). This makes the use of the Kalman
filter for data assimilation with realistic atmospheric and oceanic models very problematic, first
because of its prohibitive computation cost and, second because it is only optimal for linear models.
Simplified variants of the Kalman filter were therefore developed to avoid these problems. For
instance, the equations of nonlinear models are very often linearized about the current estimate,
which leads to the popular but no longer optimal extended Kalman (EK) filter. Nonlinear ensemble
techniques based on Monte-Carlo methods were also introduced to provide ensemble representations
for the distribution of the filter’s estimates, as linearization often introduces noise when applied to
strongly nonlinear systems [4, 7]. Computational burden of the filter were reduced to an acceptable
level by basically using low-rank approximations of the filter’s error covariance matrices [2, 6, 17,
13, 16].

The Kalman filter proceeds by incrementally correcting the discrepancy between observations
and model prediction based on prior information about uncertainties on the model and data. When
the model error is neglected, the filter trusts more the model and less the observations and this
may cause the divergence of the filter. Accounting for the model error in low-rank Kalman filters
significantly increases the complexity of the assimilation problem since this implies a continuous
increase in the rank of the filter’s error covariance matrices. Hereafter we discuss this problem with
a low-rank ensemble Kalman filter, called the Singular Evolutive Interpolated Kalman (SEIK) filter.
Cost-effective solutions are then presented and discussed.

The paper is organized as follows. The SEIK filter is briefly described in section 2. Section 3
presents different approaches to account for the model error with the SEIK filter. Numerical
experiments are described and their results compared and discussed in section 4. Finally, a general
discussion concludes the paper in section 5.

2 The SEIK Filter

The SEIK filter is a low-rank ensemble Kalman filter which has been introduced by [14] for efficient
data assimilation into high dimensional nonlinear systems using the framework of the Kalman
filter. It essentially consists of (i) a nonlinear ensemble forecasting technique to allow the use of
the Kalman filter with nonlinear models, and (ii) low-rank error covariance matrices to reduce the
prohibitive computational burden of the Kalman filter. By construction, the SEIK filter is very
similar to the unscented Kalman filter [10] but requires the smallest number of ensemble members
(filter’s rank plus one), thus it has an advantage in term of computation cost. The filter has been
successfully tested with several realistic physical and ecological ocean models by [9], [15], and [16].
The algorithm of the SEIK filter is first presented for a model with perfect dynamics,

{ é(tk)

M [X (tr-1)],
HL (X ()] (1

where at time ¢, X (t;) denotes the state vector of dimension N, Y}, is the observation vector, M
and H are the transition and the observational operators, and €, is the observational noise which
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Low-Rank Ensemble Kalman Filtering with Imperfect Models 69

is assumed to be Gaussian of mean zero and covariance matrix Rj. Starting from the analysis
state X“(tx) and a low-rank r analysis error covariance matrix PZ = LkUka, where L; and Uy
are respectively of dimensions N x r and r x 7, the filter provides the next analysis X %(tx41) at
time txy1 as succession of three steps (as summarized in Figure 1):

1- Resampling step: A Monte-Carlo technique, called second-order exact sampling scheme
[14], is first used to sample a Gaussian ensemble of analysis state vectors {X?(tx)}; with
the smallest number of members, namely ¢ = 1,...,7 4+ 1, to represent the filter’s analysis
distribution, i.e.

r+1

X) = g > X ()
r+1
Pt = g S IXE () — XX () — X700 3)

This scheme generates the ensemble members X¢(t) as follows. Let Cj be the Cholesky
decomposition of U, ! one can write

P(ty) = Li(Cy Y QL O LY (4)

for any (r + 1) x r random matrix € with orthonormal columns and zero column sums.
Such a matrix can be drawn using the the Householder matrices as described in [14]. One
can then easily verify that the ensemble members can be chosen as

X7 (th) = X(ts) + Vr + 1L O )7, (5)
where €, ; denotes the it" row of Qp_1.

1- Forecast step: The dynamical model (1) is then used to integrate the X ?(t)) forward in time
until new observations are available to compute the “forecast ensemble” X { (tet1)s- -, Xf +1(treg)-
By assuming that this ensemble provides an approximation of the forecast state distribution,
the forecast state at time ¢ is estimated as the mean of the forecast members

1 r+1
Xf(tk) = 11 ZXif(tk)v (6)
i=1

and the corresponding error covariance matrix with the sample covariance matrix of the
forecast members

r4+1
1 a a a a
Pl = ) D X 1) — X (e )][X] (trg1) — X (trg2)]T (7)
i=1
The above matrix can be always decomposed as
Pl = Lial(r + DTTTI T L, (8)
where

Licsr = X (trsn) -+ XLy ()] - T, (9)

and T is a (r + 1) x r full rank orthogonal matrix with zero column sums.

© 2007 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



70 1. Hoteit, G. Triantafyllou and G. Korres

Analysis state and error covariance

X% and P*

Analysis step to correct the forecast Resampling step using the :
i using the Kalman filter gain i i second-order exact sampling scheme

Forecast members X' =—

Forecast state and error covariance | < F 0}:(30}(1515 steg = ‘ ‘
X =X/i and Pf = Cov[X/] Wlttemoe Xt =X and Cov[X%'| = P

Analysis members X% such as

Figure 1: A diagram summarizing the three steps of the SEIK filter to provide the analysis of the
model state vector.

2- Analysis step: When the new observations are available, the forecast state is corrected
using the Kalman filter analysis step, which is re-written here to take into account the
decomposition of PJH as in (7),

X(thr1) = X (trgr) + Gra [Yarn — Hepn X (t41)], (10)
where the filter’s gain matrix Gy41 is defined by
Gry1 = Le1 Up it (HL) i Ry (11)
and the matrix Uy is recursively updated by the formula
Uil = (r+ )TTT + (LH){ Ryl (HL) g1 (12)

The filter’s analysis is then only applied in the directions of Ly, hence Lj is called the
correction basis of the filter. Note that the observational operator Hj was also linearly
interpolated around the forecast members in the previous equation, i.e.

(HL)g1 = [Hp X{ (bs1) - Hi XDy ()] (13)
Finally, one can show that the analysis error covariance matrix is given by

P*(tps1) = LigrUpsar L (14)

The error covariance matrices Pg and P{ remain always of low-rank 7, and further their
explicit computation is not needed for the filter’s algorithm. Concerning the filter’s compu-
tation cost, it is slightly greater than r41 times the computation cost of the numerical model,
which is the cost of integrating the forecast ensemble members in time. The computation
cost of the remaining operations is negligible. In numerical experiments, r should be there-
fore chosen relatively small when the filter is implemented with computationally demanding
atmospheric and oceanic models.
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3 Treating the Model Error in the SEIK Filter

In the Kalman filter theory, the model error 7(ty) is assumed to be additive, Gaussian of mean zero
and covariance matrix @, and independent from the observational error. The dynamical model
(1) is then generally represented by

X(tr) = Me[X (te—1)] + n(ts), (15)

with n(tg) ~ N(0,Qy). As for the Kalman filter, when the model error is not neglected, the
algorithm of the SEIK filter remains mostly unchanged. Only the evolution equation of the forecast
error covariance matrix is replaced by

P = Li[(r + OTTT)I LY + Qy. (16)

Therefore, P,f will not remain of low-rank r anymore if one accounts for uncertainties in the
model. Moreover, even if (), was assumed of low-rank, the rank of P]g will continuously grow
in time without any limit and computations become very quickly prohibitive. Indeed, under the
assumption @, of low-rank ¢, which means that Qj, can be decomposed as Qi = N By N}, where
Ny and By are N x q and g X ¢ matrices, Pg can be re-decomposed in (16) as

Pl = L,LT,  with L= [Lk[(r—i— V17TV N B, (17)

(*/2 denotes the Cholesky decomposition). This shows that P,f becomes of rank r-+¢, and obviously
the filter’s rank will increase by ¢ after every forecast step.

Hereafter we will assume that Qg is known and of low-rank ¢, and present three numerical
approaches which will allow us to avoid the problem of rank increase, which enables the numerical
implementation of the SEIK filter with highly dimensional imperfect models.

3.1 Re-approximation by a low-rank matrix

The most straightforward approach is to re-approximate the forecast covariance matrix P,{ by a
low-rank r matrix by applying a Singular Value Decomposition (SVD) on Ly, after every forecast
step. More specifically, we first diagonalize the (r + q) x (r 4+ ¢) matrix Ry = L} Ly, as

RiVi = Vi Dy, (18)
where Dy, is a diagonal matrix containing the eigen values A\; > Ay > ... > A4, of R and Vj, is
a (r+q) x (r + ¢) matrix with columns the eigen vectors associated with A1,..., Ar44. One can
then write

Pg = ikig with L}C = Ek]}k. (19)
Now if one considers that A,.41,..., A4 are relatively small, P,f can be re-approximated by
Pl ~ Li(L})", (20)

where EZ is a N x r matrix with columns the first r columns of L;. In the update equation (12)
of Uy, the term (r + 1)TT7T is then replaced by the identity matrix. Finally, two remarks can be
made: (i) at some forecast steps, one can always choose to increase the rank of P,f (up to r +q) if
Ar41,- -+ Arq are not small enough, but this is at the cost of increasing the filter’s computational
burden, and (ii) the previous re-approximation can be applied to the analysis covariance matrix
since it might be more beneficial to derive the analysis in (10) while correcting the forecast using
the original correction directions LI .
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3.2 Projection on the filter correction basis

Another approach to keep the low-rank of the filter’s covariance matrices invariant is to project
the model error onto the subspace spanned by the filter correction basis Ly and then to neglect the
orthogonal component to L. This idea is supported by the fact that L, represents the directions of
error growth of the model [14] and therefore once can expect the latter component to be attenuated
by the dynamics of the system. We therefore consider the projection of 7(ty) on Ly,

0" (tr) = Li(LE L) Lin(ty), (21)
which has a covariance matrix
Qh = Lp(LE L) ' LEQuLy (L Ly) ' LE. (22)

By neglecting the orthogonal component of 7(t;) to Ly in equation (16), the forecast error covari-
ance matrix can be re-written as

P/ = 1,0, LY, (23)
where
Ue=[(r+)TTT) 7 + (LT L) ' LT Qi L (LE L) L. (24)

The covariance matrix Pk{ will therefore remain of low rank r, and mainly no changes are needed
in the filter’s algorithm. Only the update equation (12) of Uy is replaced by

U =0+ LTHI R, ' HL L. (25)

3.3 Ensemble representation of the model error

The idea here is to use Monte-Carlo methods to provide ensemble representation for the distribution
of the forecast state in (16). This equation is actually the same as

r+1

1
Pl = —= Y X () = X @ollx] () = X7 (] + Qi (26)
i=1
Assuming that an ensemble of r + 1 Gaussian vectors 71 (t), . .., 7r+1(tx) representing the distri-

bution of the model error is available such as its mean is zero, its covariance matrix is Q, and
independent from the forecast ensemble members X f (tr), ie.

r+1 r+1
0 S =0 ) g Do () = Qo) 21)
and
r+1
(iid) D m(t)[X] () = X @] = 0. (28)

By considering the new ensemble of forecast states

XM (t) = X (t) + miltn), (29)
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one can easily show that this ensemble has mean X/ (t;) and sample covariance matrix P,f , Le.
equation (26) can be re-written as

r+1

Al = oy DL = X @l ) X (30)

which can be always decomposed into

P = Lil(r + )TTT) (L), (31)
where the new correction directions are given by

Ly = (X{ () - X0 () - T, (32)

and T is defined as in the SEIK filter. P,f remains therefore of low-rank r and is readily decomposed
as in (16) but with L} instead of L;. Once can then move forward to the next available step of
the SEIK filter and no changes are needed in the filter’s algorithm.

Finally, the n;(t;) can be sampled using a numerically efficient method called second-order
exact sampling scheme under linear constraint which has been developed by [14]. It is important
to note here that this drawing is possible if, and only if, the rank g of Q, plus the rank r’ of the
matrix

O = [X{ (tr) — X (t) - X[, (1) — X7 ()] (33)

does not exceed the number of columns r of Ly, i.e. v < r —¢q. In practice, this condition is
obviously never fulfilled since the matrix C} is by construction of rank r. We therefore resort to
a SVD decomposition as in section 3.1 to approximate C} by a matrix C), of rank r — /. and we
only use this approximation for the drawing of the n®(ty).

4 Numerical Application

4.1 Ocean Model

We used the Océan PArallélisé (OPA) model which was developed at the Laboratoire d’Océanographie
DYnamique et de Climatologie (LODYC) to study large scale ocean circulation and is fully de-
scribed by [12]. This model solves the Navier-Stokes equations in a z-coordinate formulation and is
operated here in a hydrostatic mode with a rigid lid surface. The system equations were discretized
using the centered second-order finite difference approximation on a three dimensional generalized
“C-grid Arakawa” [1]. Time stepping is achieved using two time-differencing schemes: a basic leap-
frog scheme associated with an Asselin filter for the non-diffusive processes, and a forward scheme
for the diffusive terms. Sub-grid scale physics are parameterized by a tracer diffusive and viscous
operators of second-order and eddy coefficients are computed from a turbulent closure model.

The model domain covers the entire tropical Pacific basin extending from 120°E to 7T0°W,
and from 33°S to 33°N (as shown in Fig.2). It has a realistic bottom topography which was
obtained from the Levitus dataset with a maximum depth set at 4000m. The spatial resolution is
1° in longitude and varies in latitude from 0.5° at the equator to 2° at the northern and southern
boundaries. The vertical resolution smoothly increases from 10m at the surface to 1000m near the
bottom. The number of horizontal grid points is 171 x 59 on 25 vertical levels. The time step is
one hour. Two buffer zones were prescribed at the northern and southern boundaries and no-slip
conditions were applied on solid boundaries. Zero fluxes of heat and salt, and non-slip conditions
are applied at solid boundaries. Forcing fields are composed of wind stress, heat and fresh water
fluxes. They were interpolated every month from ECMWF analysis.
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Figure 2: First Empirical Orthogonal Function (EOF) for the Sea Surface Temperature.

The state vector of the filter consists of the model state variables which are needed for the
initialization of the model. OPA’s state variables are zonal and meridional velocities (U and V),
salinity (S), temperature (T), and sea surface height (SSH).

4.2 Experiments Setup

The choice of the filter’s initial state Xy and the corresponding low-rank error covariance matrix
Py was made through a simulation of the model. Starting from rest and seasonal S and T Levitus
climatology, the model was first integrated from 1980 to 1986 in order to reach a statistically steady
state of mesoscale turbulence. Another 4-year integration was next carried out from 1987 to 1990
to generate a historical sequence Hg of 480 model realizations which were retained by saving one
state vector every 3 days. Xy and Py were then taken as the mean and the sample covariance matrix
of Hg. A low-rank approximation of Py was then obtained by applying a multivariate empirical
orthogonal functions (EOF) analysis, also known as principal components analysis (PCA), on Hg.
In this analysis the state variables were normalized by the inverse of the square-root of their
domain-averaged variances. The resulting first EOF for the sea surface temperature is shown in
Fig.2. The rank was set to 30 since the first 30 EOF's were found to resume more than 85% of the
total variance of Hg.

To test the filter’s behavior in presence of model errors, we followed a twin-experiments ap-
proach. In this common approach, the “truth” is assumed to be provided by the model itself. This
is very convenient for the present study since it allows for a complete inter-comparison between
the different filter runs, as all uncertain parameters are known by design. A reference run was
therefore first performed between 01/03/1991 and 10/10/1991 to generate a set of 250 reference
states X} retained every day. Pseudo-observations extracted from the X/ are then assimilated
into a perturbed model using the filter in order to assess the ability of the assimilation system to
reconstruct the full states X}. Here, the SSH was assumed to be observed at the whole surface
with a nominal accuracy of 3ecm. Gaussian random errors of mean zero and standard deviation
3cm were then added to the SSH pseudo-observations. The model was perturbed by starting from
the filter’s initial state and by adding Gaussian noise to the wind stress, which derives most of
the tropical Pacific currents. The variance of the wind noise was set as a fraction of the input
wind fields variance. To compute a low-rank approximation of the model error covariance matrix
@, which we assume to be invariant in time, the perturbed model was integrated during the same
period as the reference run and then a multivariate EOF analysis was performed on the differences
between the perturbed states and the reference states. The rank of this matrix was set to 10. The
setup of the numerical experiments is summarize in Table 4.2.
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State vector (U,V,S,T,SSH)

Initialization period 1980 — 1986

EOFs period 1987 — 1990

Assimilation period  01/03/1991 — 10/10/1991
Perturbed inputs Initial conditions and wind stress
Observations SSH every day

Filter’s rank 30

Model error’s rank 10

Table 1: Table summarizing the twin-experiments setup.

4.3 Assimilation Results

The three schemes to account for the model error in the SEIK filter; re-approximation of the
forecast covariance matrix by a low-rank matrix (SEIK+Q1), projection of the model error on
the filter correction basis (SEIK+Q2), and use of ensemble representation for the model error
(SEIK+Q3), were implemented as described in section 3. The overall filter’s performances with
the different schemes were evaluated by comparing their relative root mean square (RRMS) errors
for each model state variable

_ X = X

RRMS, = —£& %
XX

(34)

where X is the mean state of Hg. Thus the estimation error is relative to the free-run error since
the denominator represents the error when there is no observation, and the analysis vector is simply
taken as X.

The evolution of the RRM S as function of time as they result from the three assimilation runs:
SEIK+Q1, SEIK+Q2, and SEIK+Q3, is firstly shown for the model tracers (temperature and
salinity) in Figure 3. The filter significantly reduced the estimation error of these state variables
after the first filtering steps, then successfully maintained it at a low-level over all the assimilation
period. All three schemes were able to efficiently filter the model wind errors, providing good
estimates for the temperature and the salinity fields. Concerning the velocity fields, the time evo-
lution of the RRM S shows also a strong decrease in the estimation error after the first assimilation
steps (Figure 4). However, after roughly 6 months of filtering run, the RRM S starts to increase,
especially for the meridional component as it results from the SEIK4Q1 and SEIK+Q1 runs. This
slightly unstable behavior of the velocity fields can be attributed to the baroclinic instabilities
associated with the tropical instability waves which are more pronounced in the tropical Pacific
between August and November [3]. The inability of the filter to follow this rapid changes in the
dynamics of the model suggests that larger ensembles (or filter’s covariance matrices ranks) are
probably required to better represent the strong variability of the velocity field, which seems to be
governed by small-scales features during this unstable period. Overall, the SEIK filter performed
the best with the scheme consisting of the projection of the model error on the filter’s correction
basis (SEIK+Q2). The interpretation of this result should be however considered very carefully
since the design of the assimilation experiments might have been particularly favorable for this
scheme. Indeed, the EOFs of the model error and of the filter error were determined via the
model itself, meaning that they probably had similar structures by construction, as they repre-
sent dynamical variations from the same model. Re-approximating the error covariance matrix
(SEIK+Q1) by a r-rank matrix after every forecast step is shown to weaken the representativeness
of the filter’s correction directions. Furthermore it introduces noise in the filter, which were also
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Figure 3: Evolution of the RRM S as function of time for the temperature and the salinity as they
result from the SEIK with the three different schemes to treat the model error: re-approximation by
a low-rank matrix (SEIK+Q1, dashed curve), projection on the filter correction basis (SEIK+Q2,
solid curve), and ensemble representation (SEIK+Q3, bold solid curve).
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Figure 4: Evolution of the RRM S as function of time for the zonal and meridional components
of the velocity field as they result from the SEIK with the three different schemes to treat the
model error: re-approximation by a low-rank matrix (SEIK+Q1, dashed curve), projection on the
filter correction basis (SEIK4Q2, solid curve), and ensemble representation (SEIK+Q3, bold solid

curve).
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partly responsible for the degradation of the filter’s performance. Finally, the performance of the
scheme based on the use of ensemble representation (SEIK+Q3) was satisfactory and shows that
Monte-Carlo techniques can be efficiently used to account for the model error with Kalman filters
methods.

5 Discussion

Kalman filters combine a forecast produced by a dynamical model with observations to provide an
estimate of the model state according to their respective accuracy. For most numerical dynamical
systems, model forecasts are always spoiled by noise that might be introduced by different sources
of errors (numerical, dynamical, inputs, etc). Taking into account these errors is essential to
obtain reliable estimates of the model state. Kalman filters treat the model error by integrating
its covariance matrix with the evolution equation of the forecast error covariance matrix, while
assuming that it is Gaussian and non-biased (mean zero). Two major difficulties arise when this
theory is applied with highly dimensional systems, as in meteorology and oceanography where the
dimension of the state vector can be at least of the order of 107. The first difficulty is obviously
related to memory storage problems due to the huge size of the system. The second difficulty is
associated with the low-rank error covariance matrices assumption needed for the Kalman filters
to allow their numerical implementation with these systems, since the inclusion of the model error
increases the filters rank after every forecast step.

In this paper, we presented three different approaches to treat the model error with an advanced
low-rank ensemble Kalman filter, called SEIK filter. These approaches are based on the assumption
of low-rank model error covariance matrix together with, (i) re-approximation of the forecast
covariance by a low-rank matrix, (i) projection of the model error on the filter correction basis,
and (iii) use of ensemble representation for the model error. The relevance of these methods
was assessed by studying and comparing their performances with a realistic configuration of an
ocean general circulation model in the tropical Pacific Ocean. It was found that the SEIK filter
performance was efficient when model dynamics errors are not negligible, providing satisfactory
estimates of the state of the system. The results of all three approaches were also comparable,
except for the velocity fields for which method (ii) was better for filtering the model errors. It was
however noted that the conclusions should be considered carefully as the design of our numerical
experiments was more favorable for this method.

More assimilation experiments with real data are still needed for further assessment of the
relevance of these methods. In this case, however, the covariance matrix of the model error, which
has to be estimated with precision as the optimality of the Kalman filter depends on the validity
of the statistical assumptions made on this error, is usually poorly known. The estimation of this
huge number of coefficients is impossible in practice because the cruel lack of observations only
allows for a very limited comparison between the numerical model and observations. Appropriate
parameterization of the model error seems to be the only way to reduce the size of this problem.
Approaches based on “adaptive methods” or “joint state-parameters estimation methods” can then
be used for the estimation of the unknown parameters.
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