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Abstract: This work is devoted to the construction of efficient parallel al gorithms and de-
velopment of parallel code for solving the two-dimensional stationary elliptic differential
equation. The numerical algorithm is based on a finite difference sc heme. After discretiza-
tion and application of this scheme, we obtain a large system of linear algebraic equations
with a block-tridiagonal matrix. To solve this equation, we apply the matrix sweep method.
In this work, we have developed a parallel code for graphics processors using the CUDA
technology and cuBLAS and cuSOLVER libraries. We have achieved a 5-fold speedup in
comparison with the earlier CPU code.
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1 Introduction

Elliptic partial differential equations are a basis of many mathematical models in various field of
physics, including heat problems, electrostatic, elastisity, etc [Il 2]. Practical application usually
require solving these equation by numerical methods [4], such as finite difference [5], finite element,
or finite volume methods [6]. This leads to a necessity for solving large systems of linear algebraic
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equations (SLAE). Thus, developing and implementing efficient parallel algorithms for such systems
is an important task.

Previously, we have developed efficient parallel algorithms and codes for solving forward and
inverse problems for various types of two-dimensional differential equations [7,[§]. These algorithms
use the matrix sweep (block elimination) methods to solve a SLAE with block-tridiagonal matrix.

In this work, to solve a boundary value problem for a two-dimensional linear second-order el-
liptic equation, we develop an efficient implementation of the matrix sweep algorithm for graphics
processors using the NVIDIA CUDA technology and cuBLAS and cuSOLVER libraries. We con-
duct a series of numerical experiments to study the performance of our code and compare it with
the earlier implementation based on the Intel MKL library for central processors.

2 Problem Statement and Numerical Method
Consider an elliptical equation in divergence form
-V - (MVu)+ qu =0,

where M is a symmetric positive definite matrix.
In our work, we consider a two-dimensional stationary diffusion problem with variable coeffi-

cients M = <p (gl) , (2 )) The problem takes the following form:
1

(1)U, (21, 2) + [P0l (21, 22)]5, — q(z1)u(zr, 22) = 0,
§1<.731<§2, C1<$2<C2

(1)

with the following boundary conditions

w(éy, o) = fi(x2), G < a2 < (o
u(£271'2) = gl(xQ)v Cl <z < CZ» (2)
uw(wy,C1) = fo(z1), & < a1 <&,
u(z1,C2) = g2(71), &1 <71 < &,

where f1(x2), fa(x1), g1(x2), g2(x1) are continuous functions, ¢(x1) is continuous, p(x1) and r(z1)
are continuously differentiable, and r(x1) > 0, p(z1) > 0, g(z1) > 0.

To solve the boundary problem of finding the unknown function u(x1,xs2), we apply a finite
difference scheme. We construct a mesh with (M + 1) and (N + 1) points and spacings Azy =
hi = (§&2 —&)/M and Azs = hy = ({2 — ¢1)/N. The mesh nodes are denoted as z1,; = & +
thy, 9, =C +jhe, 1€{0,1,..,M}, je€{0,1,..,N}, and the values of discretized solution
as Y; ; = u(x1,,2,;). Also, denote the coefficients

a; = —Pizt tpi
2h3 7
O + Pit1
2n3
o= _2ri pic1 4 2pi +pina oy
h3 2h3 v
@——%.

Applying the second-order approximation, we construct a finite difference scheme, which leads
to a SLAE with block-tridiagonal matrix A in form
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AY = F, (3)
e —B T
—A2 02 —BQ
A= ~A;  C;  —B; :

—An—2 Cny—2 —Bny-2

i —An-1 Cn-1 |
je{1,2,...N—1}.
Its blocks A;, B;, C; have the following structure
C A -
dy
Aj = B]‘ = dz s
dy—2
I dyr—1
e b -
—as co —by
Cj = —Q; C; _bl 5
—ap-—2 cyM-2  —by_2
—ap—1 CM—1 J

ie{l,2,..,M—1}, je{1,2,..,N —1}.
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Sought vector Y of values Y; ; is reshaped from two dimensions to a “flat” form in a row-major

order
T

Y = |:Y17}/2a"'aYN—1 ’
Y, = |:Y1,17 Yo, Yu—an, YMf1,1};

Y, = {Y1,27 Y22,y Yoo, YM-l,Q}%

Yn_1= [YLN—I; YonN—1,-0s YM—l,N—l]-

Right-hand side vector F' is constructed similarly with respect to the boundary values

T
F=[F,Fos Py

1 Do + D1 T2
F:[—— _ Yoi, =250, o
1 h% 1,0 2}7% 0,1 h% 2,0
rM-—2 TM-1 PM—-1+DPMm
My a0, — MLy g - PMEL T PM ];
h% M—2,0 h% M-1,0 h% M,1
Po + P1 Pyv—1+ Py
Fo= | = B oo, 0y 0, =PSB,
1 po +p1 72
F,:[——Y _ Yon-1, —2Y, Ny o)
N-1 h% 1I,N 2h% 0,N—1 h% 2,N
TM—1 PM—-1+PMm }
— Yi— — Y _11.
12 M—1,N oh2 M,N—1

For the stability and convergence analysis of this scheme, we can apply the discrete maximum
principle and other results from [3].

Theorem 2.1 Consider a difference scheme
a;Yio1,; +biYiy1,; +diYi 1+ diYij41 — Y ;=0 (4)

forie{1,2,...M -1}, j €{1,2,..., N — 1} with Dirichlet boundary conditions .
Let p,r € C1[0,1], q € C[0,1] and ezxact solution u € C*([0,1] x [0,1]).
Then, the scheme (4]):

e approzimates the original problem with the second order of accuracy O(h3 + h3);

e is unconditionally stable with respect to boundary conditions and the following estimate for
its solution Y s valid:

7| < max {10 21 Mgl el 3
e converges to the exact solution with the second order of convergence:

Hf/ . YH =0k +13).

C(wn

©) 2025 European Society of Computational Methods in Sciences and Engineering (ESCMSE)



Parallel Algorithm for Solving the Phase Unwrapping Problem in InSAR Data Processing 53

Thus, we need to solve SLAE with block-tridiagonal matrix to obtain a numerical solution
of boundary value problem .

3 SLAE Solver and Parallel Implementation

In our work, to solve SLAE , we apply the direct block elimination (or matrix sweep) method [4].
The algorithm is a follows. First, we perform a forward sweep and find supplementary matrices
a; and vectors 3;

o] = Cl_lBl, Oéj = (CJ — Ajaj)lej j = 2,3, ,N — 2,

_ _ ‘ (5)
51 :Cl 1F1, ﬂj :(ijAjOz]‘) I(Fj+Ajﬁj_1), 717=2,3,...,.N—1.

To find the solution, we perform a backward substitution pass
Yno1=0n-1, Y=Y +8;, j=(NN-1),(N~-2),..,2,1 (6)

The stability of this algorithm is established in [4].

The parallel algorithm is based on parallelization of vector-matrix operations using Intel Math
Kernel Library [9] and cuBLAS Libraries [10, 11]. Computations by formulae (5)—(6]) are bound
to be sequential with respect to index j. Thus, the parallel algorithm may be based only on the
optimization and parallelization of the matrix operations involved.

In work [8], we have implemented this algorithm for multicore central processors. This code
utilizes the Intel MKL library for optimized parallel implementation of matrix routines, namely,
‘gemv’ and ‘gemv’ from the BLAS API for matrix-vector and matrix-matrix multiplications, and
‘getrf’ and ‘getri’ from the LAPACK API for the LU factorization and matrix inversion, respec-
tively.

In the present work, we have implemented algorithm (5)-(6) for NVIDIA graphics processors
using the CUDA technology. For basic matrix operations, we have used ‘copy’, ‘axpy’, ‘gemv’,
and ‘gemm’ routines from the cuBLAS library. For matrix inversion, we adapted a combination of
‘getrf” and ‘getrs’ implementations from the cuSOLVER library.

4 Numerical Experiments and Discussion

We have performed a series of numerical experiments to compare the performance of two imple-
mentations, CPU- and GPU-based one. For these experiments, we have used a workstation with
a 16-core Intel i9-12900K processor and NVIDIA GeForce RTX 4090 GPU.

As a test problem, we consider an elliptic equation

Uy (71, 2) + [(1+ 21)ug, (21, 22)],, — 3+ 21)u(z1,22) =0,
O0<z1 <1,0< 29 <1,

with boundary conditions

U(O7.'132) = €x2; 0< Tg < )

u(l,xe) = ert22, 0 <zy <1, ()
u(z1,0) =€, 0<z <1,

u(ry, 1) =l 0<z; <1

The exact solution is given

u(ry,wa) =2 0<2; <1, 0< 2y < 1.
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A series of experiments was conducted for this problem with various grid sizes to compare the
performance of the CPU and GPU implementations. The double precision number format was
used in both implementation.

Table [I] contains the computing times for both implementations. In the fourth column, we list
the speedup coefficient between the CPU and GPU codes. It also includes the values of the absolute

error 0o (h1) = Hu(xl,xg) — uhl(xl,xg)H between exact and approximate solution up, (21, x2).
o0

Table 1: Results of numerical experiments

Grid size M x N Computing Computing Speedup Absolute error
time, CPU time, GPU
[seconds] [seconds]
258 x 514 1.06 1.22 0.87 2.9-1074
514 x 514 7.65 3.33 2.29 1.4-104
1026 x 514 54.68 10.8 5.05 7.2-107°

Let us discuss these results. In our parallel implementation, the performance is mainly driven
by the optimization and parallelization of operations on matrix blocks. The size of these blocks
is equal to number M. Number N defines the number of blocks, and the number of iterations in
algorithm —@. So, this number does not affect the performance of parallel implementation.

So, we have used a large enough fixed N and varied number M. As the results demonstrate, at
low matrix size, the times for CPU and GPU implementations are almost equal. The higher size we
use, the more speedup we obtain for the GPU implementation in comparison with the CPU one.
This is expected from the architecture of the graphics processors with numerous multiprocessor
units, to achieve better efficiency at larger matrix size.

In the future, we plan to adapt and implement the parallel matrix sweep method [8] on graph-
ics processors, taking advantage of both matrix operations for large size blocks and using CUDA
streams to perform asynchroneous computations for decomposed sweep iterations, conducting mul-
tiple matrix operations simultaneously.

5 Conclusion

In this work, we have developed and implemented an efficient parallel algorithm for numerical solu-
tion of a boundary value problem for a two-dimensional elliptic differential equation. The algorithm
consists in applying a finite difference scheme and the matrix sweep method to solve the resulting
SLAE. We have developed a parallel code for NVIDIA graphics processors that implements this
algorithm. The code is based on the CUDA technology and the cuBLAS and cuSOLVER libraries.
We have conducted a series of numerical experiments to study the performance of our code in
comparison with our earlier CPU code that utilizes the Intel MKL library. A speedup of 5 times
was achieved.

In the future, we plan to adapt the parallel matrix sweep method to develop and implement
more efficient parallel algorithm and use it as a part of algorithm for solving inverse problems for
the considered elliptic equation.
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